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pq¼´âŁ¾zlgv<ÄŁkmpq{3npw{mpq{¡i<áÒnpsÃ
¹
{Ł¼§p+lpw{¡½zo{-)gzo{ãâŁzoÅ§Åpw{Q. zàâz
§w
T³Çépq{ ½zo{ â·p <pqgj{ŁáŁÄŁ{3njpq{®¼§¾
¹
pnB:p+¼ à¾½zl{®âŁpﬁ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¼DÅ§Å§pwâ·pmil{ãâ·pqgjvlgjil{âŁázogzokmpnjpqg¾ ¼§{½3Å§ipwâ
¹
p#,ãpw{
i<á}â·pâŁilÄ,ŁÅ§pnjkmpn¼§{Łv<pq{6
ﬀ»pnänypqpsâ·p°ági
ŁÅDpwpqk#âŁznãp
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zo{ãâ·pqÅ´â yilgân³¼§{«pqpqÅ( 	
¹
pqpqÆn}½<pqgzo{â!kmpqn
¾àngjiilk ½<pqgjÅD¼§p+7wpq{ ¼§{ÏpwÅDpsÃngj¼´¾Ã
¹
p³kmioni<gpw{Øpq{Ïngzo{¾àÆÞilgjkÒznjilgjpq{6©»p#7qpãps¾Ánzlzo{ ÄŁ¼Dn
¼ 7qpwgﬂ<pqgj{Łpq{ v<pqkÒzlz<nçk1pqn1¾ànjz<zoÅ§ÅDpwvlpqgj¼§{Łvlpw{6 «kB¼§ÅDÅ§pä½zl{ØpwÃqil{Łi<k1¼´¾jÃ
¹
p¡pq{ÏpwÃi<ÅDiN
v<¼§¾jÃ
¹
p1gpsâ·pq{Łpw{8:pqii<von­kmpq{ â·pmáŁgjiâŁÄ,3n¼§p1pw{
¹
pn­vlp#ŁgjÄŁ¼I°½ªzl{'Å§pqv<pqgj¼D{vlpq{©â·¼§pmâŁp
ypqg¼D{Łvm½zo{ âŁpkmioni<gioÆ>ngzo{ã¾ÁÆÞi<gkÒznjilgiláŁn¼§kmzlÅD¼ 7qpwgpw{6)«p km¼§{Ł¼§k1¼´¾pqgj¼D{ŁvÒ½zl{ âŁp
¾àngjiilk ½<pqgjÅD¼§p+7wpq{ªzl{ ãpwgpw¼I3n>yilgâ·pq{}kmpn«¾ànjz<zoÅ6âŁzon»pqpw{
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Ãqpq{3ngznj¼Dp
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pwpÆn«âŁzl{
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pnn
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¹
{Ł¼§p+lpw{Ïi<{<n¼  lpwÅ§â 	£kÒz<zog
¹
pnÒiláŁn¼§kmzlÅD¼ 7qpwgpw{
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¼§pqgj½zo{Ïpw{
¹
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ãpwvlgj¼ Áá:pq{ ½zo{ â·p­gjpqÅ§pq½zo{3njp«ÆÞÀ·¾¼§¾jÃ
¹
p~áŁgji·Ãpw¾j¾pq{QÅD¼ Á½lpw{:pqÅ´zo{vlgj¼ @
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pwpq{ njpwÃ
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{¼Dp# vlpw{zlzlkmâ àâ·¼I!@Ä¾à¼§pmzo{Ł{ŁpszoÅ§¼D{v  	
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pn­ilá yp+ lpw{ ½zo{'âŁ¼J!@Ä¾¼DpÒâ·iilg
¹
pqn
ÄŁ¼Dnv<ÅDipw¼Dpw{'½zo{
¹
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ŁÅ§pqpwkÒ¾ÁnjpqÅ§ÅD¼§{Łv3Ä{Ł{Łpq{7w¼ Á{C	
kÒzlzlg ½zo{ ypqv<päâ·p}¼D{3npwgjz<Ãnj¼Dp³k1pqn
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pÒázlgjzlkmpnpwgj¾½liilg­pwpq{®npwg{ãzo¼§g 1¼IN
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{Łi·â·¼§vi<k nilnhiláŁÅ§i<¾j¾¼D{Łv<pq{ npEli<k1pw{ç¼§{mkmiâŁpqÅ§ÅDpw{1â·¼§p â·pyn¼ àâŁ¾pq½<ilÅ§Ä·n¼§p½ªzl{
â·p­Å§pqv<pqgj¼D{vçá:ilv<pq{³np¾¼DkçÄŁÅDpwgpw{6£Çhpw{}pwpqg¾Ánjp­¾Ánzoá ¼D{
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pqn>ãp#li<k1pw{³½zl{}â·p#7qp­ázlgjz"N
kmpnjpqg¾+	7wil{âŁpqg4vlgjionpéil{â·pwgﬂ7wip+·¾à¼§{½lpwgj¾ànpwg¼§{Łvlpw{C	q¼´¾
¹
pnLãpwázoÅ§pq{ç½zo{ pwpq{1¾Ã
¹
¼ Á{ zogjp
â·¼I!@Ä¾à¼§p­½zo{ pqpw{³v<pqgjpwâ·ÄãÃpqpwgjâäáŁgjiŁÅ§pqpwk}
¢{   sÁ¶<µ

)i<gjâ·nâŁ¼J!@Ä¾¼Dp+NTzl{Ł{ŁpwzlÅD¼§{Łv:pw¾jÃ
¹
gpw½lpw{6P¢{?1pwÃn¼§pŁ§(yilgân
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pqn
áŁgji·Ãps¾»½<pqg3Å´zlzlgjâ pw{°pwpq{°kÒzon
¹
pwkmzon¼´¾Ã
¹
k1i·â·pwÅ>iláŁv<pw¾ànpqÅ´â «¼¿n~kmi·â·pqÅLyilgân~âzo{
v<pqgjpwâ·ÄÃqpqpwgjâÏnilnäpqpw{*k1i·â·pwÅ kmpnäpwpq{ ¾jÃ
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¼ Á{ ãzogjp âŁ¼J!@Ä¾¼Dp< «i
Ïi<{<n¼  lpwÅDpw{ yp
pwpq{*{ÄŁkmpqgj¼Dp#lp :pq{z<â·pqgj¼D{v vlp+ãzl¾pqpqgâ ilá*â·p kmpn
¹
i·â·p°â·pwg¡Å§¼ Á{Łpw{C	pq{ âŁ¼¿nQ7wi)pwÅ
½<i3i<g
¹
pn~vlpq½zlÅ4kmpqn~pwpq{8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¹
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×z"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¸
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Òngzo{ã¾àázlgjzl{3n)njp(:pqáãzoÅ§pq{6
È}ÉÉ3Û

 
 

Ð /:É3ÌªßsÉ / ÌªËË#ãßwÍqÌ  ãÉÐ »p®kmi·â·pqÅ§ÅDpw{
i<{3n¼I lpwÅ§â¼D{ «pqpqÅ 7q¼ Á{
zoÆ
¹
zo{,<pqÅ§¼  ½ªzl{m½lpqg¾jÃ
¹
¼DÅ§Å§pq{â·pyázlgjzlk1pqnpwgj¾>â·¼§p{zoÄ D<pqÄŁgj¼Dvkmipnpw{mvlp+<pq{â7q¼ Á{Òilk
	   -  
 É4É<ÌÛËŁÐ4ßsÉ}ßsËŁÎØÉÐ /ŁË·ÍwÍwÙÐ
	5	
nipnjpyÅ´znjpq{mâ·pkmiâŁpqÅ§ÅDpw{çnjpvlp+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∂tu− a(x, t)∂2xu = f(x, t),
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∂xa(s(t), t) = −∞, pw{ i½lpwgv3zlzo{}¼§{ pqpw{ áŁÄŁÄŁggjpwzlÃn¼§pqáŁgjiÅDpwpqk ¼§{ pwpq{ nj¼ àâŁ¾½lpwgjzl{ N
â·pwgÅ§¼ }â·pqpwÅ6½zo{
¹
pqn»â·ilkmpq¼§{6P;©p ÄŁ{Ł{Łpw{ â·p~pHG·¼§¾ànpw{3n¼§p­½ªzl{ pqpq{ i<áŁÅDi3¾¾¼§{Łvç½zl{ âŁp
7+z" <p ÆÞilgjk ÄÅDpwg¼§{Łv ½zl{
¹
pqnági
ŁÅDpwpqk :p+<ilkmpq{³¼D{än)pwp«v<pq½zoÅ§ÅDpw{6PAåpw{äpwpqg¾Ánjp«½¼´z
pqpw{'gjpqv<ÄŁÅ´zogj¼I7szn¼§p ½zl{
a(x, t)
gjil{â
x = s(t)
	/A
¹
pqi<gpwkÒz 9 ·§l Aåpw{°nypqpsâ·pyzl{ N
{Łpwpqgpqpw{ä½¼§¾jÃi3¾à¼Dnpw¼¿n¾ài<áŁÅ§i<¾j¾à¼§{Łv :pw¾jÃ
¹
ilÄ  âﬁyilgân#	 A
¹
pwilgjpqkÒz 9ã Ł Ł×Çépq{ä{ÄŁkmpwg¼§p+
pHG·á:pqgj¼Dkmpw{<n«½ªzl{ pqpw{ kmiâŁpqÅåági
ŁÅDpwpqk¼DÅ§Å§Ä¾Ánjgpwpqgn«âŁzon«â·pçâŁÄzoÅ§p½lpwgv<pqÅ§¼ ¼§{ŁvmvlipwâŁp
gjpw¾ÄŁÅ¿nznjpq{}iláŁÅ§pq½<pqgn½<iilgâ·p~gpsÃi<{¾ÁnjgÄãÃn¼§p~½zo{ â·p­ázogzokmpqnpqg¾w
¢{   sÁ;¶<µ(ãps¾Ã
¹
i<Ä )pw{yp
¹
pn»â·i<Ä,ŁÅ§pnﬂN;p+Gá:pqgj¼§k1pw{3nwP;©p­vlpq½<pq{}pqpw{}i½<pqgﬂN
7q¼´Ã
¹
n1½zl{Ïkmpn
¹
i·â·pq{ ½liilg1ázogzokmpqnpqgj¼´â·pq{3n¼IﬃãÃwzn¼§p¡½<i3i<gçâ·p}il{ãâ·pqgjvlgjil{â®¼§{ 1·pwÃnj¼Dp
·§l ¢{ 1pwÃn¼§pÒŁ Qyilgânâ·p 
6pq½<pq{ :pqgjv"N . zog 3Äzogân NTkmpn
¹
i·â·p ãi<{â·¼§v ¼D{
¹
pqgj¼§{Ł{ŁpHN
gj¼D{Łv}vlp#ŁgzlÃ
¹
nw ¢{ 1pwÃn¼§pmŁ yilgân
¹
pnâ·ÄzlÅDp1áŁgjiŁÅ§pqpwk il{3n¼I <pqÅ´â 	 ¾zlk1pw{°kmpn
	#-
çÖ×ËŁÊ×ÍsÉ<Ì
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pwpq{ vlpwázl¾ànpÒ{ÄŁkmpwg¼§p+<p :pq{ãzlâ·pwg¼§{Łv¢{ 1psÃn¼§p³Ł 9 njpq{¾ÅDilnànjp	L)i<gjâŁpq{©{3Äk1pwg¼§p+<p
p+Gá:pqgj¼§k1pw{3npq{}vlpwvlpw½lpq{å
«pÒ½liilgj{z<zokÒ¾Ánjp¼ àâ·gzov<pm½ªzl{
¹
pn
¹
i3ilÆ âŁ¾ànÄ,'¼§¾âznypÒpqpq{ â·ÄãzlzoÅéáŁgi
ŁÅ§pqpqk
ÄŁ¼Dnypqglpq{ ½liilg>pqpw{çÃqil{½lpsÃn¼§pHN¢â·¼I!:Äã¾à¼§pq½gzlzov3¾ÁnjÄ,	#zlzlgﬂ¼ åâ·pkmpnj¼D{vlpq{1vlpwkm¼§âŁâŁpqÅ´â·p
zlzlgjâ·pw{7q¼ Á{°i½<pqg»pwpq{©â·pqpwÅ4½zl{°â·p1gjzl{â ½zo{
¹
pn­â·ilkmpw¼D{C	 â·p 7qi<vlpw{zlzlkmâŁp â·iilgﬂN
¾¼ Áá:pqÅ§¼§{Łv<¾jÃÄŁgj½lp< «¼¿n¡Å§¼ <n :pqá:pqg3np ¼§{·ÆÞilgjkÒzn¼§p³np 7q¼ Á{!ilk pwpq{!â·ÄzlzlÅáŁgi
ŁÅ§pqpqk
kmpqp­i<áänjp¾ÁnjpqÅ§ÅDpw{6P¢{â·pwgjâzlzlâC	âŁp­pq{Ł¼§vlp~kÒzo{Ł¼§pqg âzn â·p­pHG·á:pqgj¼Dkmpw{<njpqpwÅ iláŁv<pqkmpnjpq{
Ãqil{Ãqpq{3ngznj¼Dp
uB(t)
½zo{ â·pÒkmpwgﬂ<pqg­¼§{
¹
pnilávlpqá:ilkmá·njpﬁyzonpwg ' zoÅ´¾­gjpw¾ÄŁÅDnjzlzon½zl{
¹
pqn«â·¼§gpsÃnjp­½3gzlzlv<¾ànÄ,Òi<áŁvlps¾ÁnjpqÅ´âä¼§{ npwgkmpw{}½zl{
u(x, y, t)
) 	½<iilglilk ny¼§{ â·p â·ÄãzoÅ§p
½<pqgjvlpqÅ§¼ 3¼§{Łv'Þilávlpw¾ànpwÅ§âä¼D{³npwgkmpw{ä½zo{
v(x, y, t)
) 	Ł¼´¾y½¼§zçpqpw{³gzo{âÃil{ãâ·¼¿nj¼Dp½zo{
¹
pn
â·ÄãzoÅ§pági
ŁÅDpwpqk 	
a∂y(g(x, y)v(x, y, t))−bg(x, y)v(x, y, t) = c
∫
Γ1
(u(x˜(s), y˜(s), t)−uB(t) ds, i<á Γ1.
. pw{ 7qi<Ä­½lpqgzlÃ
¹
npw{âŁzon4â·¼DnåÅ§pq¼´ânånjionåpwpq{ ¾Å§pwÃ
¹
n6vlps¾ÁnjpqÅ´â~¼D{½lpwgj¾6áŁgi
ŁÅ§pqpqk 	%yz<zogjkmpqp
¹
pqn Ł¼ 7wil{âŁpqg~kmi3pw¼DÅ§¼  ¼§¾~áãzogzokmpnjpqg¾ njp1¼´â·pw{<nj¼Jﬃ:Ãpqgjpq{åﬀ pqn~npqv<pq{âŁpqpqÅ>¼´¾~pq½<pq{ )pwÅ
zlzlgwr~½¼§z â·pÒ{ÄŁkmpwg¼§p+<pçp+Gá:pqgj¼§k1pw{3npq{yilgâ·pq{87qpwpqg­vlipsâ·pÒgps¾àÄÅ¿nznpw{8:p+<ilkmpq{å
«¼¿nh¼§Å§ÅDÄ¾àngjpqpwgàn£âŁzon£âŁpâŁilÄ,ŁÅ§pn£pwpq{1p¡Ã¼ q{3npkmpn
¹
i·â·piláŁÅ§pq½<pqgn4i<k ázogzokmpqnpqg¾×½ªzl{
â·p­i<{â·pwgv<gi<{âÒkmpqp~njp ãpwázoÅ§pq{6
È}ÉÉ3Û
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¹
pnâ·ilÄ,N
ŁÅ§pnﬂN;v<gi<{â znjpqg¾Ánjgi<k1¼§{Łv3¾àáŁgjiÅDpwpqkﬀilá njpäÅ§i<¾j¾àpw{C	>vlp#ŁgÄ¼I<pq{ ypäâ·pQ7wilv<pq{z<zokÒâ·p
«ÄŁáŁÄŁ¼Dn N¢ÂŁi<gjÃ
¹¹
pq¼§kmpqgC:pq{z<â·pqgj¼§{Łv 	sâ·¼Dpé½lpqgn¼ zoÅ§p>vlgjil{â znjpqg¾Ánjgi<km¼D{Łv)½lpwgﬂzlzlgÅ§ii<¾ànw
¸
psâ·ÄŁgjpq{â·pâ·p½zoÅ§¼´âŁznj¼Dpy½zo{mâ·p+7wp)njpwÃ
¹
{¼Dp# 	ypqgâ·pw{Bypyv<pwÃqil{·ÆÞgjil{3npwpqgâ~kmpnOAon
¹
F ¾
gjpqv<¼Di<{zlzlÅ×¾àngjilkm¼D{v<¾áŁgi
ŁÅ§pqpqk 	:pqpw{:p+lpw{â ½<iilgãpwpqÅ´âyz<zogj¼D{°½lpqgn¼ zoÅ§p v<gi<{â zN
njpqg¾Ánjgi<k1¼§{Łv  wÅ6½zo{ãpwÅ§zl{Łvm¼§¾ pq{7qpqÅDÆ ¾pwpq{}áŁgi<km¼D{Łpw{3np~gi<Å6¾àá:pqpwÅ¿ns
$
Å
¹
ip#)pwÅ
¹
pn£kmiâŁpqÅvlipwâBãps¾Ã
¹
gpw½lpq{ ¼§¾>¼§{çâ·pÅ§¼¿njpqgznjÄŁÄŁg%	o¾ÁnjpqÄŁ{Łpw{1âŁp)v<p+ŁgjÄŁ¼ <njp
i<áŁÅDi3¾¾¼§{Łv<¾kmpn
¹
iâŁpq{Òilá³¾Ánjpqglp ½<pqgjpqpq{½<ilÄâ·¼§vl¼§{Łv<pq{6C¢{
¹
pnyilgj¼Dv<¼D{pqÅ§p gjzláŁá:ilgn#	  o
 	
áŁgji"ÁpsÃnjpqpqgn A on
¹ ¹
pn³â·i<kmpq¼§{ i<á!pqpq{!gjpwÃ
¹
n
¹
i3p#	hnpwgﬂ¼ ÁÅ»pwpq{!kmpqpwg¡gpsÃpw{<njp Ł¼  N
â·gzov<p	   
 	:pwpq{ i<{Łpq¼§{â·¼§väâ·¼§pqá©â·ilkmpw¼D{ v<p+ŁgjÄŁ¼ 3nwM¢{   sÁª;¶<µ =:p
¹
zo{â·pwÅDpw{yp
¹
pqnáŁgjiŁÅ§pqpwk pq{®v<pq½lpw{8ypm{Ł¼§pn pw{,lpwÅ£pqpq{ ¾pqkm¼INTzl{zoÅ§À3n¼´¾Ã
¹
p1iláÅDi3¾¾¼D{v 	6kÒzlzlg~niN
{Łpw{ )p­ii³zlzo{
¹
ipâ·p àil{Łpw¼D{ãâ·¼Dv<p~pqÅ§pqkmpq{3npw{Łkmpn
¹
i·â·p zo{ vlp#ŁgÄ¼I3nD)i<gjâŁpq{ zoÅ´¾
zláŁáŁgji G¼§kÒznj¼Dpwk1pqn
¹
i·â·p<
ﬀ»pn
¹
iioÆ âŁ¾ànÄ Ï¼´¾ÒzoÅ´¾m½lilÅ§vonm¼§{Łvlpsâ·pqpwÅ§â  ¢{ 1psÃn¼§p Ł 'vlpq½<pq{ )p â·p i<g¼§vl¼§{ŁpqÅ§p
i<áŁÅDi3¾¾¼§{Łv ½zo{A on
¹
ypqpwgw/¢{ 1·pwÃnj¼Dp­ Bãps¾Ã
¹
i<Ä )pw{Qyp«pwpq{ä½<pqgãpqnpwgjâQ¼§¾ﬂÄŁ{â·¼§v
kmi·â·pqÅ;4Çhpq{ zl{zoÅ§À3n¼´¾Ã
¹
philáŁÅ§i<¾j¾¼D{ŁvMãps¾Ánzlzo{ãâ·péÄŁ¼Dn>il{Łpw¼D{âŁ¼Dv<phgpwp+·¾pq{yilgân×zoÆÞvlpqÅ§pq¼´â
¼§{B1pwÃn¼§péŁ 9×»pé¾pqkm¼INTzl{zoÅ§À3n¼´¾Ã
¹
p/:pq{ãzlâ·pwg¼§{ŁvDyilgân6ÄŁ¼Dnpqpw{Łvlp#7qpqn6¼D{B1psÃnj¼Dpé Łå«p
{ÄŁkmpqgj¼§p+lp»gps¾àÄŁÅDnjzonpw{ﬁ)i<gjâ·pw{Ò½lpwgjâ·pwgh½lpwgv<pqÅ§p+<pq{1k1pqnygjpw¾ÄŁÅDnjzonpq{ÒÄ¼¿nâ·p»Å§¼¿njpqgznjÄŁÄŁgs
	   -  
 É4É<ÌÛËŁÐ4ßsÉ}ßsËŁÎØÉÐ /ŁË·ÍwÍwÙÐ
	 ﬁ
¢{ 1psÃnj¼Dp}Ł )i<gjâ·nçâŁzo{ <ilgn â·p¡njipqáz<¾¾¼D{v ½zo{Øâ·p³pq¼§{â·¼§vlp¡pwÅDpwk1pw{3npq{k1pqn
¹
i·â·p
:pw¾áŁgi
lpw{C	·zoÅ´¾àiiÒ½zl{äpqpw{³v<pqáz<¾Ánjp«i<{Łpq¼§{â·¼§vlppqÅ§pqkmpw{<njpq{Łkmpqn
¹
i·â·p<P;'p~njil{Łpw{³zlzl{
¹
ipâ·¼§p~Å§z<znj¾ànp=zo{ v<p+ŁgjÄŁ¼ <nDyilgâ·pq{Ł¼ â·p­kmi·â·pwÅDÅ§pqgj¼D{v1½zl{}â·¼§pqá:p­vlgjil{ãâ·Å§zlvlpw{6
ﬀ pqn ½lii<g{z<zokÒ¾ànpmâ·ipqÅh½zo{ØâŁ¼¿n
¹
i3ilÆ âŁ¾ànÄ,'¼§¾ ilk ½<iilg­pqpw{ãpwÅ§zl{Łvlgj¼ 
¹
ÀâŁgiN
vlpwilÅ§ilv<¼§¾jÃ
¹
½gzlzlv<¾ànÄ, pw{,lpwÅDpÒÄŁ¼Dnpwpq{ŁÅ§ilá:pq{ãâ·p¡iláÅDi3¾¾¼D{v<¾k1pqn
¹
i·â·ps¾~½liilg~njpä¾ànpqÅ§Å§pq{C	
v<z<zo{âŁp½zl{³pwpq{ ' ¾pqkm¼ ) N¢zo{zlÅDÀ3n¼´¾jÃ
¹
p«kmpqn
¹
i·â·p~njion {ÄŁkmpqgj¼Dp#lpkmpn
¹
iâŁpq{6
Ü¡Ê4ÊéÉÐ×ÙÚlÉß «kâŁp+7qpn
¹
ps¾à¼´¾'Þv<pwâ·pwpqÅDnpwÅD¼ ,)ilá 7w¼§Ã
¹
7wpqÅDÆh¾Ánzlzo{ãâänjpkÒz"<pq{C	
¹
p+ N
:pq{2ypä zláŁáãpw{â·¼´Ãps¾­nipwvlpq½<ipqv<â6
$
áŁáãpw{â·¼IG
$
vlpwpÆn1pqpq{ i½<pqg7q¼´Ã
¹
n~½zl{ pq{,<pqÅ§p
¾ànjzo{ãâŁzlzlgjâ gps¾àÄŁÅDnjzonpw{ ÄŁ¼Dnéâ·pyÆÞÄŁ{Ãn¼§il{z<zoÅ´zo{zlÅDÀ·¾pl
$
áŁáãpw{â·¼IG K :pw¾jÃ
¹
i<Ä nLz<¾à¼´¾ :pHN
vlgj¼§áŁáãpw{ä¼§{ä½<pqgzo{â¡k1pqnvlgjil{â znjpqgjkmiâŁpqÅ§ÅDpwg¼§{Łv 	l{3ÄŁnàn¼§vm½liilg ﬀ iioÆ â¾ÁnjÄ, lpq{ pw{
ŁE¢{
$
áŁá:pq{â·¼IG8- )i<gjâ·pw{ zl¾¼§¾jzl¾á:pwÃnjpq{ ½zo{ {ÄŁkmpqgj¼§p+lp­kmpqn
¹
i·â·pw{ ½liilg¼§{½lpwgj¾p
½gjz<zov3¾ÁnjÄ, lpq{Qãps¾Ã
¹
gjpq½<pq{6£«¼¿n»zlÅ§¾z<Ã
¹
npqgjvlgjil{ãâﬁŁ¼ «pqpwÅC ﬂ
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;©p Ãi<{¾à¼´â·pwg»zlâ·½<pwÃn¼§il{ N¢â·¼I!:Ä¾¼§il{}áŁgi
ŁÅ§pqkÒ¾¼§{ z¡â·ilkÒzl¼D{
Ω ⊂ Rd kmi·â·pwÅDpsâ 3Àän ¹ p
½zogj¼§zŁÅ§p~Ãqip¡Ã¼§pq{3np3Äzon¼§il{
∂tφ(u) +∇ · (vu−D∇u) = 0. 'ŁD )
ﬀ pwgp
φ(u)
¼´¾ n
¹
pçgjpnzogâŁznj¼Di<{C	
v
¼§¾»n
¹
p1½lpwÅDi·Ãq¼¿nÁÀﬃpqÅ´â°âŁpqá:pq{â·¼§{Łv³il{ n
¹
pçá:i<¾¼Dn¼§il{C	
zo{ãâ
D
¼´¾~n
¹
päâ·¼I!:Äã¾à¼§il{®njpq{¾ilg%	×zlÅ§¾i â·pqá:pq{ãâ·¼D{v il{©n
¹
p¡áãi3¾à¼Dn¼§il{åQ;©p¡ÅDii
 ÆÞilgçz
¾ilÅ§Ä·n¼§il{
u(x, t)
	
x ∈ Ω zl{â t ∈ (0, T ) := It ¾zon¼´¾ÁÆÞÀ¼§{Łv';·§%)H	zlÅDi<{Łv¼Dn ¹ zo{¡¼§{Ł¼Dn¼´zoÅ
Ãi<{â·¼Dn¼§il{
u(x, 0) = u0(x), x ∈ Ω,
zo{ãâ:ilÄ{âŁzogjÀ¡Ãi<{â·¼Dn¼§il{¾ilÆ>«¼§g¼´Ã
¹
Å§pnnÁÀáãp
u(x, t) = uD(x, t), x ∈ ∂ΩD, t > 0,
zo{ãâ »pqÄŁkÒzl{Ł{änÁÀá:p
∂nu(x, t) = uN (x, t), x ∈ ∂ΩN , t > 0,
ilg t iŁ¼§{}nÁÀ3á:p
∂nu(x, t) + c(x, t)u(x, t) = uR(x, t), x ∈ ∂ΩR, t > 0,
 
	
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
¹
pwgp
∂Ω = ∂ΩD ∪ ∂ΩN ∪ ∂ΩR ∪ Γ 	 meas Γ = 0 
A
¹
ps¾àp'nÁÀáãps¾ ioÆ1p3Äznj¼Di<{¾}i·ÃqÃÄg}¼§{ áãi<gi<Ä¾}k1psâ·¼´z ãi 	
¹
pszn}ngzo{¾á:ilgn}¼§{
i¼§{Łvyzonpqg%	áŁgjilázlv<znj¼Di<{ÒioÆåpwáŁ¼´â·pqkm¼´Ãq¾yilgÃqzlggj¼Dpwghnjgjzl{¾àá:ilgn)¼§{ ¾àpwk1¼´Ãi<{â·ÄÃni<gj¾w
A
¹
pwÀäzogjp­zlâ·½<pwÃn¼§il{ â·ilkm¼§{znjpwâãpsÃqzoÄã¾àpn
¹
pq¼§g»¾ài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¹
¼§¾
Ãqil{â·¼Dn¼§il{å©«ÄŁgj¼D{Łv°ngzo{¾á:ilgnB)p}Ãi<{¾à¼´â·pwgn
¹
p}«¼Dgj¼´Ã
¹
ÅDpqn1Ãqil{â·¼Dn¼§il{
C(u, v(2)) =
C0(t)
:¢{­n
¹
¼´¾×kmzl{Ł{ŁpwgåzoÅ§ÅlkÒzl¾j¾ ãÄ G­ioÆŁÃi<{<nzokm¼§{zo{3n6¼§{<njin
¹
p)â·i<kmzl¼D{âŁÄŁg¼§{Łv»zn¼§k1p
¾ànpwá
¹
z<¾Lãpwpq{mgjpwzoÅ§¼ 7qpwâçâ·ÄŁgj¼D{v«n
¹
pyngzo{¾á:ilgn£¾ànpwá6LA
¹
pqgjpÆÞi<gp
	oâ·ÄŁgj¼D{Łvn
¹
pâ·¼J!@Ä¾¼Di<{
¾ànpwáC	*yp Ãqil{¾¼§âŁpqgn
¹
p
¹
i<kmilvlpw{Łpqi<Ä¾ »pqÄŁkÒzo{{ Ãil{ãâ·¼¿nj¼Di<{
∂vC(u, v
(2)) = 0
>A
¹
¼§¾
zláŁáŁgji<zlÃ
¹
vlÄzlgjzl{3npqps¾hn
¹
pÃi<ggjpwÃnykÒz<¾¾EzlÅ§zl{Ãp<
A
¹
p~¾ázlÃqp«â·¼´¾Ãqgpqn¼ 7wzon¼§il{ä¼´¾ zl¾pwâ¡il{¡n
¹
p­ÃpwÅDÅINTÃqpq{3npwgpsâﬃ{Ł¼Dnp~½<ilÅ§ÄŁkmpÃqil{Ãqpqá·n%	
¼Dn
¹
il{Łp1ÄŁ{,{Łi{°áãpwg~ÃqpqÅ§Å 	×¾àpwp 1psÃn¼§il{ ·§l Ł 
åpn {ui}Ni=0
zo{ãâ {vj}Mj=0
ãp1n
¹
p
{Łi·âŁzlÅ«á:il¼§{3nj¾äÆÞilg}z 'Þ{ion {ŁpwÃqpw¾j¾zlg¼§ÅDÀ p3ÄŁ¼´â·¼´¾Ánzo{3n5)¡ázogn¼Dn¼§il{Ł¼§{ŁvØ¼§{
u
zo{ãâ
v
	 gjpHN
¾áãpsÃnj¼D½<pqÅ§Àl ;©p ¼DÅ§Å Ãi<{¾àngjÄÃnÒz'ÃqpqÅ§Å zogjilÄŁ{ãâ®n
¹
ps¾àp
(ui, vj)
áãi<¼D{3n¾Òzo{âØn
¹
p ÃpwÅDÅ
½zoÅ§ÄŁpﬁ¼§ÅDÅ&ãp¡n
¹
päÃqil{Ãqpq{3ngznj¼Di<{'½zlÅDÄŁpÒ¼§{®n
¹
¼§¾ áãi<¼D{3nw;©p¡vlpw{ŁpqgzoÅ§ÅDÀ njz"<p¡z {Łil{,N
p <Ä¼§â·¼´¾ànjzo{3n
v
ázogn¼Dn¼§il{¼D{Łv®ÆÞi<ÅDÅ§i¼§{Łv®ÆÞgi<k-zl{*p3ÄŁ¼´â·¼§¾ànjzl{3n
x
NTázogn¼Dn¼§il{Ł¼§{ŁvÏzlÅDi<{Łv
n
¹
p
x
N¢zG·¼§¾<:pnypqpq{°n
¹
p1nyiQypqÅ§Å§¾w ¢{'n
¹
p1áãi<¼D{3n¾ {ui, vj} ÆÞilg j = 0 	:n ¹ pÒ»¼§g¼´Ã ¹ N
Å§pnÒÃi<{â·¼Dn¼§il{¾ÆÞilg1¼D{ãiÃil{ãÃpq{3njgjzon¼§il{
C
zogjp¡áŁgjpw¾jÃgj¼ ãpsâ ;©p
¹
zª½lp
v0 = v
(2) 	
vM = v
(1) 	)¾i v0 > vM
	)zo{ãâ
0 < u0 < uN < pi
	¾pqp Â×¼§v · 8Ł 
åpn {ui, vj}
:p zo{ ¼D{Ł{pqg á:il¼§{<n ¼§{
Ω˜
 ;©p®âŁpHﬃ{Łp
∆u+ = ui+1 − ui 	 ∆u− = ui − ui−1 	
ui+1/2 = ui + ∆u+/2
	
ui−1/2 = ui − ∆u−/2
	
∆u = ui+1/2 − ui−1/2
 ;©pÒáŁgiN
Ãqpqpwâ zl{zoÅ§ilv<ilÄ¾Å§ÀmÆÞilg
v
	 
¹
pqgjp	
∆v+ = vj−1 − vj 	ãpnjÃlDA ¹ Äã¾>yp­i·nzo¼§{ ui NT¾àngj¼Dáã¾
â·p+ﬃ{Łpsâ À
(ui−1/2, ui+1/2) × (v(1), v(2))
	ézo{ãâ®¼D{Ïn
¹
ps¾àp}¾Ánjg¼§á¾­n
¹
pﬃ{Ł¼Dnpä½<ilÅ§ÄŁkmp
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Vij = (ui−1/2, ui+1/2)× (vj+1/2, vj−1/2)
Ãi<ggjpw¾áãi<{â·¼§{Łvni
(ui, vj)
£ÂŁi<ghn
¹
p»pwâŁvlpw¾
ioÆ
Ω˜
yp¾pn
u−1/2 ≡ 0
	
uN+1/2 ≡ pi
	
v−1/2 ≡ v0
zl{â
vM+1/2 ≡ vM

     
"%&  ﬂ#"

" ﬂ

 %

 

& ﬂ7
 
)

" #ﬂ

#"%$'&(
A
¹
pÏ¾ilÅ§Ä·nj¼Di<{ ilÆmn
¹
p njgjzl{¾áãi<gàn áŁgjiÅDpwk 'Ł Ł%)¼§ÅDÅãp zl¾pwâ il{Õz!á¼DpsÃp+¼´¾p
Ãi<{¾ànjzo{3nä¼§{Ł¼Dn¼´zoÅ~áŁgji"ﬃÅ§p
φ0(v)
	»¼; p<I	 n
¹
p©¾ài<ÅDÄ·nj¼Di<{ ioÆ zØk ÄŁÅDn¼§áŁÅ§p©t¼§pqkÒzl{Ł{ áŁgji N
Å§pqk 	O
¹
¼´Ã
¹
¼´¾1i·nzo¼§{ŁpwâØ¼D{!zo{zlÅDÀ3nj¼§ÃwzoÅ)ÆÞilgjk} ;©p ¾
¹
zlÅDÅ¾ilÅ§½lp '· · )­¼§{Øn
¹
p ¾Ánjg¼§á
(ui0−1/2, ui0+1/2) × (v(1), v(2))
	 ¼Dn
¹
¾
¹
i·Ã5·¾ i<{Øn
¹
p³psâ·vlps¾ ilÆ n
¹
pQﬃ{¼¿njp³½<ilÅ§ÄŁkmp
ve0 ≡ v(2)
	
ve1 ≡ v3/2
	
ve2 ≡ v5/2
	£qw+	
veM−1 ≡ vM−1/2
	
veM ≡ v(1)
	6¾pqp1Â×¼§v­· 8Ł
«pq{Łilnp
φ0(v) = U
j ÆÞi<g v ∈ (vej , vej−1)
L;'p ngzo{¾àÆÞilgjk';· ·%)H	¼Dn
¹
G = Kλ2/h 
	

/
pi
u0 uN
v(1) = vM = v
e
M
v(2) = v0 = v
e
0
v1
v2
v3
ve1
Â4¼Dv<ÄŁgpŁ 8rLA
¹
p
(u, v)
â·i<kÒzo¼§{}â·¼§½¼§âŁpwâ}¼D{ ¾àngj¼Dáã¾zo{â}ÃpwÅDÅ´¾q

¹
pwgp­|ﬁ¼§¾zmÃi<{¾ànjzo{3n%	·Ä¾à¼§{Łv1n
¹
p­{Łp+ ½zogj¼§zŁÅDp
y = y(v)

¹
pqgjp
y = G˜(v) =
∫ v
v(1)
h  dv
Kλ2
, λ2 = (cosh(v)− pi0)2, pi0 = cosui0 .
';· o )
	
 Ö4Ë·Ê4ÍwÉ3Ì
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A
¹
pw{
φ(y, t) = φ(v, t)
¾jznj¼§¾ ﬃps¾
∂tφ− ∂yφ = 0, φ(y, 0) = φ0(v).
1¼§{Ãqp
λ
¼´¾4áãi3¾à¼Dn¼§½lp
	ªn
¹
p)ngzo{¾àÆÞilgjkÒznj¼Di<{¼§¾4i<{Łphnji«i<{Łpl/A
¹
p¾ài<ÅDÄ·nj¼Di<{ Ãqzl{B:p&gj¼Dnànpw{
¼§{}n
¹
p~ÆÞi<gk
φ(y, t) = φ(y + t, 0),
ilg
φ(y, 0) = φ(y − t, t),
zl{â 	Ãqil{¾p3ÄŁpw{<njÅDÀ
	Ä¾à¼§{Łv1n
¹
p­¼D{½lpwgj¾p
G˜−1 : y 7→ v 	 )p~iŁnjzo¼§{ φ(v, t) ÆÞgjilk φ0(v) 
»ion¼´Ãpn
¹
zn&)p{Łpwpwâm{ŁilnéÃi<k1áÄ·npn
¹
p¼§{3½<pqg¾àp¼§{¡zoÅ§ÅŁá:il¼§{<n¾
y
	<¾¼§{Ãp¼DnhÆÞilÅ§Å§i ¾4n
¹
zon
φ(y, t)
¼´¾háŁ¼§pwÃqp+¼´¾àpÃil{ã¾Ánzo{3nO¼Dn
¹
n
¹
p»½zoÅ§ÄŁps¾ {Uj}Mj=1
LTn)¼´¾)¾Ä'¡Ã¼§pq{3n)ni ÃqilkmáŁÄ·njp
yk =
∫ vek
v(1)
h  dv
Kλ2
,
ÆÞilg
k = 0, . . . ,M,
zl{â©n
¹
pw{®ni°¾
¹
¼DÆn ¼Dn i½lpwg~n
¹
pän¼§k1p³¾Ánjpqá
τ
	£zo{â ÃqilkmáŁÄ·njpmn
¹
p³¼D{½<pqg¾àp
G˜−1(yk −
τ) := δk
ÆÞi<g
k = 0, . . . ,M
A
¹
p ¾ilÅ§Ä·n¼§il{
φ(v, τ)
znànzo¼§{¾mn
¹
p°Ãi<{¾ànjzo{3n¡½zoÅ§ÄŁp
U jk ∈ {Uj}Nj=1
¼D{³n
¹
p­¼§{3npwg½zoÅ
(δk, δk−1)

A
¹
p ¼D{Ł¼Dn¼´zoÅ4Ãi<{â·¼Dn¼§il{
φ(y, 0) = φ0(v)
¹
z<¾ni :pçzláŁá:i G¼§kÒznjpwâÀ}zÒá¼DpsÃp+¼´¾p
Ãqil{¾ànjzl{<néÆÞÄŁ{Ãnj¼Di<{
φc0(v)
	¾i­n
¹
zn)n
¹
pt¼DpwkÒzo{Ł{ä¾ilÅ§Ä·nj¼Di<{¡zoÅ´¾ài zláŁáŁÅ§¼Dps¾ézonén
¹
p»¼§{i
:ilÄŁ{ãâŁzogjÀl
A
¹
p8ﬃ{zlÅ~ilÄ·njáŁÄ·n#	(
¹
¼´Ã
¹
¼§ÅDÅ :p'Äã¾àpsâzl¾}¼§{ŁáŁÄ·n ioÆ n
¹
p â·¼I!:Äã¾à¼§il{
ázogn'¾àpwp
1psÃnj¼Di<{ÒŁ   ) 	<¼§¾£i
·njzl¼D{pwâ À áŁgji"ÁpsÃn¼§{Łv
φ(v, τ)
niz~áŁ¼§pwÃqp+¼´¾àp Ãqil{¾ànjzl{<n£ÆÞÄ{Ãnj¼Di<{
i<{}¼§{3npwg½zoÅ´¾
(vej , v
e
j−1)
	
j = 1, . . . ,M
EA
¹
¼´¾ Ãi<ggjpw¾á:il{âŁ¾ynjiÒnjz¼D{Łv¡zª½<pqgzov<pw¾)i½lpqg
(vej , v
e
j−1)
~ÂŁi<g«p+G·zlkmáŁÅDp
	ã¼DÆ
δk ∈ (vej , vej−1)
zo{â
δk−1, δk+1 /∈ (vej , vej−1)
	:n
¹
pw{yp
¹
zª½<p
C
1/2
l (v) = U
jk
vej−1 − δk
vej−1 − vej
+ U jk+1
δk − vej
vej−1 − vej
,
ÆÞilg
v ∈ (vej , vej−1),
zl{â 	¾¼Dkm¼§Å§zlgÅ§À	·¼§{ ion
¹
pqg Ãwzl¾pw¾w A
¹
Äã¾+	·¼DÆ
vej−1 < δk−1 < v
e
j−2
zl{â
vej+1 < δk < v
e
j
	
n
¹
pq{
C
1/2
l (v) = U
jk
ÆÞi<g
v ∈ (vej , vej−1)
 A
¹
pw{C	
C
1/2
l = PC
1/2 = PT (τ)
¼§¾
áŁ¼§pwÃqp+¼´¾àp­Ãqil{¾ànjzl{<n zl{âQypÃqzl{}¾ﬂ¼DnjÃ
¹
nimn
¹
p~âŁ¼J!@Ä¾¼Di<{6
tpsÃqzlÅDÅ×n
¹
zon¼§{ n
¹
p1Ãqil{ ﬃã{Łpwâ'¾àpqnàn¼§{Łv '
h2 > h1 ≥ H )H	 )p1Ãqzl{ pHG·áŁgjpw¾j¾ G˜(v) ¼§{
zl{ zo{ãzoÅ§À<nj¼§ÃwzoÅéÆÞilgjk	)¾à¼§{Ãp
h 
¼´¾çn
¹
pw{Øn
¹
p}Ãqil{¾ànjzl{3n
H
	h¼; pl
G˜(v) = G˜(v; p) =(
G(v; p)−G(v(1); p))H/K zl{â
G(v, p) :=
2pz − 2
(1− p2)(z2 − 2pz + 1) +
2p
(1− p2)3/2 arctan
z − p√
1− p2
'·  9 )
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
¹
pwgp
z = ev
	
p = cosui0
' 
¹
pw{ )päzlgpm¼§{ n
¹
pä¾Ánjg¼§á
ui0−1/2 < u < ui0+1/2
)
¢{!n
¹
p ÄŁ{Ãqil{ ﬃ{pwâ*¾pnànj¼D{v 	
G˜(v)
kçÄ¾Ánãp°âŁpnpwgkm¼§{Łpwâ!{ÄŁkmpwg¼´ÃqzlÅDÅ§Àl ;'p Äã¾àp°z
 p#ni<{³¼Dnpwgjzon¼§il{³niÒâ·pnjpqgjkm¼D{Łp
δk = G˜
−1(yk − τ) ÆÞi<g yk − τ ∈ (yj , yj−1) ¾i n ¹ zn
δk ∈ (vej , vej−1)
rCyp)Å§ii«ÆÞilg×n
¹
p 7qpwgi«áãi<¼D{3n4ioÆ
ψ(v) ≡ G˜(v)−(yk−τ) ¾ànjzlgànj¼D{v ÆÞgjilk
vj

¹
pwgp
ψ(vj) = yj − yk + τ '»ionjp­n ¹ zon ψ(v) zo{â n ¹ p1â·pqgj¼D½zon¼§½lp ψ,(v) = h Kλ2
Ãqzl{:p­pwz<¾à¼§Å§ÀäÃi<k1áÄ·npsâäÆÞi<gpq½<pqgjÀ
v

TÆOypç{pqvlÅ§pwÃn
D0
	
αL
	
αT
' ¼ pl ypçâ·i<{CF n~Ãqil{¾¼§âŁpqg~â·¼J!@Ä¾¼Di<{*) 	6n
¹
p1gps¾àá:il{ã¾àpçioÆ
Ãi<{3njzokm¼§{zo{3né¼§{ÁpsÃn¼§il{¡zon
t = 0
¼´¾ép+G·áãpsÃnpsâmpHGŁzlÃnÅ§À1zonhn¼§kmp
Tr
	ln
¹
p»gjpqá:il{¾pn¼§kmp	
¼Dn
¹
y0 − Tr = yN , ¼; p< Tr =
∫ v(2)
v(1)
h  dv
Kλ2
,
';· l
)
ÆÞilg
u = pi
'
p = −1 ) ¼D{ λ 	  ¹ ¼´Ã ¹ Ãi<ggjpw¾áãi<{âŁ¾nji¡n ¹ pçÅ§¼§{ŁpçÃqil{Ł{ŁpsÃnj¼D{Łvän ¹ pmÃpw{3npqg¾
ioÆ«n
¹
p ypqÅ§Å§¾w A
¹
¼§¾1nj¼Dkmp ioÆgps¾àá:il{¾p³¾
¹
i<ÄŁÅ§â Ãi<ggjpw¾á:il{â®nji©n
¹
p :pqvl¼§{Ł{Ł¼§{Łv©ioÆ~z
¼Dn
¹
â·gz zoÅ ÃÄŁgj½lp­Ãqilgjgps¾àá:il{âŁ¼D{Łv nimn
¹
p­áŁÄŁÅ´¾àpnÁÀá:p­¼D{ÁpsÃnj¼Di<{}ilÆ>Ãqil{3njzlkm¼D{zl{3nw
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$
¾ vlgj¼§â©á:il¼§{3nj¾ypÒÄ¾pÒn
¹
p¡ilgâ·pqgjpwâ'ázl¼Dg¾ {ui, vj} 	 i = 0, . . . , N  j = 0, . . . ,M 
A
¹
pâ·¼I!@Ä¾à¼§il{ ázlgànilÆ 'Ł 9 9 ) ¼´¾
∂tφ = g {∂u(a(u, v)∂uC) + ∂v(b(u, v)∂vC)} . ';· o
)
$
¾«kmpq{3n¼§il{pwâ:pÆÞi<gp
	ãn
¹
pB:ilÄ{âŁzogjÀ Ãil{ãâ·¼¿nj¼Di<{ ¼´¾«z¡«¼§g¼´Ã
¹
Å§pn<:ilÄ{âŁzogjÀ ilgz
¹
i"N
kmilv<pq{ŁpwilÄ¾  pwÄŁkÒzo{Ł{ Ãqil{â·¼Dn¼§il{®zn~n
¹
pm¼D{ãi 	åzo{â
¹
i<kmilvlpw{Łpqi<Ä¾  pqÄkmzl{©Ãqil{ N
â·¼Dn¼§il{¾«pqÅ´¾p+
¹
pwgp<>;'pç¼D{3njpqvlgznjpQ'Ł l
)i½<pqg
(tk−1, tk)
zl{â
Vij
<;'pmzl¾j¾àÄk1pÆÞÄŁg N
n
¹
pqg¡n
¹
zn³n
¹
p°½ªzlÅDÄpw¾
Cij
zo{â
gij = g(ui, vj)
zlgp âŁilkm¼D{ãzo{3näi½lpwg
Vij
 
6pqn³Ä¾
â·pw{Łionjp3À
CE = CEij = Ci+1,j
	
CW = CWij = Ci−1,j
	
CN = CNij = Ci,j−1
	
CS = CSij = Ci,j+1
zl{â
aE = aEij = ai+1/2,j
zo{â ¾¼Dkm¼§Å§zlgÅ§À
aW
	
aN
	
aS
	
bE
	
bW
	
bN
	
bS
 A
¹
pq{C	ãzoáŁáŁÅ§À¼D{vçn
¹
p=ﬃ{Ł¼Dnp­½<ilÅ§ÄŁkmp~k1pqn
¹
i·â 	 )p­Ãi<{¾¼§â·pwg
Vij
∫
∆t
∂tCij dt = gij
∫
∆t
∫
Vij
{∂u(a(u, v)∂uC) + ∂v(b(u, v)∂vC)} du dv dt.
A
¹
p1zoáŁáŁgji G·¼DkÒzon¼§il{ Ãqzl{ãp1â·il{ŁpçÄ¾¼D{Łvä¼D{3npwvlgznj¼Di<{3À}ázlgàn¾»zo{ãâ zoáŁági G·¼§kmzon¼§{Łv
∂uC
il{Òn
¹
ppwâ·v<p
(ui+1/2, v)
	·gps¾àáå
(ui−1/2, v)
	<ÆÞi<g
v ∈ (vj+1/2, vj−1/2)
À
(CE −
C)/(∆u+)
gps¾àáå
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6pqnçÄ¾mÃqil{¾¼§âŁpqgnjpw¾ànçÆÞÄ{Ãnj¼Di<{¾
φ(x, y, t) ∈ C∞(Ω × I) 	O¼¿n ¹ Ãi<kmázlÃn1¾ÄŁá N
á:ilgnä{ŁpwzlgÒn
¹
p ilÄ·n i ãi<ÄŁ{âŁzlgÀ<
$
n¡n
¹
p ¼§{i ãi<ÄŁ{âŁzlgÀ
	
y = y(2)
	Eyp ¼§kN
á:i<¾p
∂yφ
∣∣
y=y(2)
= 0
zo{â zon»n
¹
pç{i"N i@ãi<ÄŁ{âŁzlgÀyp ¼§k1á:i<¾p
∂xφ
∣∣
x=x(1)
= 0 =
∂xφ
∣∣
x=x(2)
 ÂŁÄŁgn
¹
pqgjk1i<gp
	 ypÒgp 3ÄŁ¼Dgjp
φ(x, y, T ) = 0
A
¹
p¡½zogj¼§zon¼§il{zlÅ>ÆÞilgjk ÄŁÅ´zN
n¼§il{ ¼´¾n
¹
pq{°vl¼§½lpq{ À'·  )E;©p{Łpqpsâ}niä¾
¹
i n
¹
zn n
¹
pÅ§¼Dkm¼Dn»ÆÞÄŁ{Ãn¼§il{
v(x, y, t)
¾jzn¼´¾ ﬃpw¾ ';· 
)L;'p­Ä¾pn
¹
p­¼´â·pszl¾yÆÞgjilk §w,	  
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;©pãpwvl¼§{ ¼Dn
¹
n
¹
pmngzo{¾áãi<gàn~ázlgàn~ÆÞilg
t ∈ (tk, tk+ 1
2
)
	×zo{ãâ'Ãqil{¾¼§âŁpqg~n
¹
p1{p+
½zogj¼´z"ŁÅ§p
z = 2(t−tk) 	<zo{ãân ¹ p zlÃwÃilkmázl{À3¼§{Łv»ngzo{¾àÆÞilgjkÒzn¼§il{çioÆãn ¹ pnjpw¾àn£ÆÞÄŁ{Ãnj¼Di<{
φ(x, y, z) = φ(x, y, z2 + tk)
;'gj¼Dnp³ÆÞilgjkmzlÅDÅ§À
vν(u, v, t) = v
k
T (2(t − tk))
	O
¹
pqgjp
vkT (t) = Tδ,∆y(t)vk(x, y)
L¢{­n
¹
pyÃqil{¾¼´â·pqgjpwâ~nj¼Dkmpy¼D{3njpqgj½ªzlÅ 	
vν
¼§¾×n
¹
p)p+GŁzlÃn>¾ài<ÅDÄŁn¼§il{
ilÆ»n
¹
p³njgjzl{¾áãi<gànmáŁgjiŁÅ§pqk ';· ;")B¼Dn
¹
¼D{¼¿nj¼§zlÅ Ãil{ãâ·¼¿nj¼Di<{Øn
¹
p áŁ¼§pwÃp#¼§¾p Ãil{ã¾Ánzo{3n
ÆÞÄŁ{ãÃn¼§il{
vk
	£zl{â¼¿n
¹
¼§{i"Ãi<{â·¼Dn¼§il{
v(x, y(2), t) = v0(x, y(2), t)
A
¹
pqgjpÆÞi<gp
	
yp­Ãqzo{gj¼¿njp
∫
Ω
∫ t
k+
1
2
tk
(
1
2
F (vν)
g
∂tφ− vν∂y (hφ)
)
dΩ dt
=
∫
Ω
∫ τk
0
(
F
(
vkT (z)
)
g
∂zφ− vkT (z)∂y
(
hφ
))
dΩ 1
2
dz
= 1
2
∫
Ω
F
(
vkT (z)
)
g
φ
∣∣∣∣z=τk
z=0
dΩ− 1
2
∫ τk
0
∫ x(2)
x(1)
hvkT (z)φ
∣∣∣∣y=y
(2)
y=y(1)
dz
= 1
2
∫
Ω
F
(
v˜k+
1
2
)
g
φ(t
k+
1
2
) dΩ− 1
2
∫
Ω
F (vν(tk))
g
φ(tk) dΩ
− 1
2
∫ tk+1
tk
∫ x(2)
x(1)
hv0(x, y(2), t˜)φ(
t˜− tk
2
+ tk) dx dt˜,
= 1
2
∫
Ω
F
(
v˜k+
1
2
)
g
φ(t
k+
1
2
) dΩ− 1
2
∫
Ω
F (vν(tk))
g
φ(tk) dΩ
− 1
2
∫ tk+1
tk
∫ x(2)
x(1)
hv0(x, y(2), t˜)φ(t˜) dx dt˜+O(∆t2). ';·§l ")
Âilg n
¹
p Å§z<¾Án p 3ÄzoÅ§¼¿nÁÀ
	=)p Ä¾pwâ
t˜ = 2(t − tk) + tk 	zl{â φ ∈ C1(Ω × I) ¾ài
φ( t˜−tk2 + tk) = φ(t˜) + O(∆t)
ÆÞilg
t˜ ∈ (tk, tk+1) 8A ¹ p¡pwggjilg vlipw¾ni?7wpqgji 	>pq½<pq{
zoÆnpqg ¾ÄŁkmkÒznj¼Di<{}i½<pqg
k
'Þ¼; p<
∑
k(∆t)
2 → 0 ) 	¾i)p­Ãqzl{}âŁgi<áän ¹ p­pqgjgi<gynpqgjk 
;©pØ{Łi nÄŁgj{ ilÄŁg'znànjpq{3n¼§il{ nji!n
¹
p â·¼J!@Ä¾¼Di<{ ázogn i½lpwg n
¹
pØn¼§k1pÏ¼D{3npwg½zlÅ
(t
k+
1
2
, tk)
¼Dn
¹
¼§{Ł¼¿nj¼§zlÅÃil{ãâ·¼¿nj¼Di<{
vk+1/2
 A
¹
¼§¾mÃqilgjgps¾àá:il{â¾nji©¾jÃ
¹
pqkmp'ŁDsl
)
Âilg­¾à¼§kmáŁÅ§¼§Ãq¼¿nÁÀ°¾pn
∆x+ = ∆x− = ∆x
zo{â
∆y+ = ∆y− = ∆y
 . ÄÅ¿nj¼DáŁÅ§À?:ion
¹
¾¼§âŁpw¾ ilÆ>'·§w<
) ¼Dn
¹
φij = φ(xi, yj , tk)
	@zo{â°¾àÄŁki½lpwg
i
zo{â
j
 º»¾¼D{vÒn
¹
p1¾Ánzo{ N
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φk+1ij = φ(xi, yj , tk+1)
	 )p~vlpqnn
¹
zon
I :=
N1∑
i=0
N2∑
j=0
[
∆x∆y
gij
F (vij)− F (vk+
1
2
ij )
τk
φij
− φij
(
ai+1,j
vi+1,j − vij
∆x
∆y − ai,j vi,j − vi−1,j
∆x
∆y
)
− φij
(
bi,j+1
vi,j+1 − vij
∆x
∆x− bi,j vi,j − vi,j−1
∆y
∆x
)]
= 0.
;©pgjpwzlggzo{vlpn
¹
pMﬃg¾àn)njpqgjk	·zl{âäzláŁáŁÅ§À
$
ãpwÅ F ¾¾ÄŁkmkmzon¼§il{'
$
 ) il{¡n
¹
p~Å´zl¾ànényi
npwgkÒ¾w A
¹
¼´¾zoÅ§ÅDi ¾)niﬁgj¼Dnp
I =
N1∑
i=0
N2∑
j=0
∆x∆y
gij
−φk+1ij − φij
τk
F (vij) +
F (vij)φ
k+1
ij
τk
− F (v
k+
1
2
ij )φij
τk

+
N1∑
i=1
N2∑
j=0
φij − φi−1,j
∆x
ai,j
vi,j − vi−1,j
∆x
∆x∆y
+
N1∑
i=0
N2∑
j=1
φij − φi,j−1
∆y
bi,j
vi,j − vi,j−1
∆y
∆x∆y = 0,
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
¹
pwgp yp~Ä¾àpsâ
a0,j = aN1+1,j = 0 = bi,0 = bi,N2+1
ãpsÃqzlÄ¾àp~ilÆ×n
¹
p
¹
i<k1i<vlpw{Łpqi<Ä¾
 pwÄŁkÒzo{Ł{ :ilÄŁ{âzogjÀÃil{ãâ·¼¿nj¼Di<{6 ;©pzov3zo¼§{çzoááŁÅDÀ
$
ãpwÅ F ¾£¾ÄŁkmkmzon¼§il{çil{n
¹
p¾àpsÃi<{â
ﬂ 
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¹
¼§gjâ â·i<Ä,ŁÅ§p¾àÄŁk ioÆD'·§l 
)H	<njiÒi·nzo¼§{
I =
N1∑
i=0
N2∑
j=0
∆x∆y
gij
−φk+1ij − φij
τk
F (vij) +
F (vij)φ
k+1
ij
τk
− F (v
k+
1
2
ij )φij
τk

−
N1∑
i=2
N2∑
j=0
(
ai,j
φij − φi−1,j
∆x
− ai−1,j φi−1,j − φi−2,j
∆x
)
vi−1,j
∆x
∆x∆y
−
N1∑
i=0
N2∑
j=2
(
bi,j
φij − φi,j−1
∆y
− bi,j−1 φi,j−1 − φi,j−2
∆y
)
vi,j−1
∆y
∆x∆y
+
N2∑
j=0
aN1,j
φN1,j − φN1−1,j
∆x
vN1,j
∆x
−
N2∑
j=0
a1,j
φ1,j − φ0,j
∆x
v0,j
∆x
+
N1∑
i=0
bi,N2
φi,N2 − φi,N2−1
∆y
vi,N2
∆y
−
N1∑
i=0
bi,1
φi,1 − φi,0
∆y
vi,0
∆y
= 0.
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pçÆÞilÄg¾¼D{vlÅ§pç¾ÄŁkÒ¾«Ãqil{3njzl¼D{ ½zlÅDÄŁps¾»ilÆhilÄŁg~¾ilÅ§Ä·n¼§il{
v
i<{ n
¹
p :ilÄŁ{âzogjÀl=A
¹
pw¾p
njpqgjkm¾£zlgpzoÅ§Å 7qpwgi«ÆÞilg£¾Ä'¡Ã¼§pq{3nÅ§À ¾kÒzoÅ§Å
∆x
	
∆y
/A
¹
p
bi,N2
njpqgjkÕ½zo{Ł¼´¾
¹
pw¾L:pwÃwzoÄ¾p
ilÆ
∂yφ = 0
i<{än
¹
p­ilÄŁn i ãi<ÄŁ{âŁzlgÀﬁ:pwÃwzoÄ¾p~ioÆån
¹
pÃi<kmázlÃn¾ÄŁáŁá:ilgnn
¹
pwgp n
¹
p
iln
¹
pwg¡npqgjkÒ¾½ªzl{Ł¼´¾
¹
:pwÃwzoÄ¾p ilÆhn
¹
p:ilÄŁ{ãâŁzogjÀ Ãil{ãâ·¼¿nj¼Di<{¾«¼Dkmá:i<¾pwâ i<{
φ
znn
¹
p
iln
¹
pwgDãi<ÄŁ{âŁzlg¼§pw¾wL;'p~n
¹
pqgjpÆÞi<gp
¹
zª½lp
I =
N1∑
i=0
N2∑
j=0
∆x∆y
gij
−φk+1ij − φij
τk
F (vij) +
F (vij)φ
k+1
ij
τk
− F (v
k+
1
2
ij )φij
τk

−
N1−1∑
i=1
N2∑
j=0
(
ai+1,j
φi+1,j − φi,j
∆x
− ai,j φi,j − φi−1,j
∆x
)
vi,j
∆x
∆x∆y
−
N1∑
i=0
N2−1∑
j=1
(
bi,j+1
φi,j+1 − φi,j
∆y
− bi,j φi,j − φi,j−1
∆y
)
vi,j
∆y
∆x∆y = 0.
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τk
	 g¼Dn¼§{Łv1ÆÞilgjkÒzoÅ§ÅDÀ
vν(u, v, t) = v
k
D(2(t−
tk))
	C
¹
pqgjp
vkD(t) = Dδ,∆x,∆y(t)vk+
1
2 (x, y)
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¹
p­p3ÄzlÅD¼DnÁÀ
∫
Ω
∫ τk
0
[
F (vkD(z))
g
∂zφ(z) + v
k
D(z)
(
∂xa∂xφ(z)− ∂yb∂yφ(z)
) ]
dΩdz
=
∫
Ω
F (vkD(τk))
g
φ(τk) dΩ−
∫
Ω
F (vkD(0))
g
φ(0) dΩ,
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KyÀØáz<¾¾¼D{v°ÆÞgjilk ';·§sl
)ni 'ŁDª·%)H	épwggjilg¾çzláŁá:pwzog1n
¹
znäzlgp â·ÄŁp}ni {ÄŁkmpwg¼´ÃqzlÅ
â·¼I!:pwgpw{3n¼´zn¼§il{©zo{â'¼§{<njpqv<gjzon¼§il{ ¼§{°nj¼DkmpÒzo{ãâ°¾ázlÃqplﬀ»i)pw½lpwg#	ãn
¹
ps¾àpmpwggjilg¾ v<iänji
7qpwgi z<¾
∆t → 0 	×zlÅ§¾i zÆnjpqg¾ÄŁkmkmzon¼§il{®il{ k  A ¹ pwgpqÆÞilgjp	CypÒ{Łpwpwâ©{Łion Ãqil{¾¼´â·pqg
n
¹
pqkÆÞÄgàn
¹
pqgs
$
¾ z1Å´zl¾àn ¾Ánjpqá )p~gjp+gj¼¿njpﬁ'·§sŁ%) zl¾
∫
Ω
∫ tk+1
t
k+
1
2
[
1
2
F (vν(t))
g
∂tφ(t) + vν(t) (∂xa∂xφ(t) + ∂yb∂yφ(t))
]
dΩdt
= 1
2
∫
Ω
F (vν(tk+1))
g
φ(tk+1) dΩ− 12
∫
Ω
F (vk+
1
2 ))
g
φ(t
k+
1
2
) dΩ.
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n
¹
pén)i»gps¾àÄŁÅDnj¾ À~z<âŁâ·¼§{ŁvB';·§l ) zo{ãâﬁ'·§s<):ÆÞi<g
k = 0, . . . , N−1 	
yp~zlggj¼§½lp~zn
∫ T
0
∫
Ω
(
1
2
F (vν)
g
∂tφ− χT (t)vν∂y (hφ)
+ χD(t)vν(t) [∂xa∂xφ(t) + ∂yb∂yφ(t)]
)
dΩ dt
= 1
2
∫
Ω
F (vν(T ))
g
φ(T ) dΩ− 1
2
∫
Ω
F (vν(0))
g
φ(0) dΩ
+ 1
2
n−1∑
k=0
∫
Ω
[
F (v˜k+
1
2 )− F (vk+ 12 )
] φ(t
k+
1
2
)
g
dΩ
− 1
2
∫ T
0
∫ x(2)
x(1)
hv0(x, y(2), t)φ(t) dx dt.
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ﬀ pwgp
	
χT (t)
zo{ãâ
χD(t)
zogjp~Ã
¹
zogzlÃnjpqgj¼§¾àn¼´ÃÆÞÄ{Ãnj¼Di<{¾ â·p+ﬃ{Łpwâ z<¾
χT (t) =
{
1
ÆÞilg
t ∈ ∪k [tk, tk+1/2)
0
ion
¹
pqg¼§¾p , χD(t) =
{
1
ÆÞi<g
t ∈ ∪k[tk+1/2, tk+1)
0
iln
¹
pwgﬂ¼´¾p
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¹
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χT (t)
zl{â
χD(t) ⇀
1
2
¼§{
L2(0, T )
ÆÞi<g
∆t→ 0
tpsÃqzlÅDÅéÆÞÄŁgàn
¹
pqg n
¹
zonn
¹
p¡nps¾ÁnçÆÞÄŁ{Ãn¼§il{
φ
yz<¾Ã
¹
i3¾àpw{Ø¾ài z<¾­ni'¾zon¼´¾ÁÆÞÀ
φ(T ) = 0

. i<gpwi½lpwg#	ÆÞilg
∆t → 0 ' n → ∞ )H	@n ¹ p1áŁgji"ÁpsÃn¼§il{°pqgjgi<g gpwáŁgjpw¾pq{3npsâÀ³n ¹ pçn ¹ ¼§gjâ
njpqgjk il{³n
¹
p­g
¹
¾ilÆ ';·§so ) 	njpq{âŁ¾ynjiﬁ7qpwgiãLA
¹
¼§¾áŁgjilá:pqgnÁÀÒÆÞi<ÅDÅ§i ¾)ÆÞgi<k
1
2
N−1∑
k=0
∫
Ω
[
F (v˜k+
1
2 )− F (vk+ 12 )
] φ(t
k+
1
2
)
g
dΩ
= 1
2
N−1∑
k=0
∑
ij
∫
Ωij
[
F (v˜k+
1
2 )− F (vk+
1
2
ij )
] φij(tk+ 1
2
)
gij
dΩ
+ 1
2
N−1∑
k=0
∑
ij
∫
Ωij
[
F (v˜k+
1
2 )− F (vk+
1
2
ij )
] [φ(t
k+
1
2
)
g
−
φij(tk+ 1
2
)
gij
]
dΩ
= I1 + I2.
KyÀ³n
¹
p1â·pHﬃ{¼¿nj¼Di<{ ioÆ>n
¹
p áŁgji"ÁpsÃn¼§il{ 	:'Ł %)H	 yp
¹
zª½lp~n
¹
zn
I1 ≡ 0 	 ∀k »Âilg I2 yp
Ãwzo{ Ä¾p­n
¹
pç¾k1iiln
¹
{Łps¾¾ ioÆ
φ
zo{â
g
	
g > 
	 
6pwkmkmz³· · mzo{â 
åpqkmkÒzä· ·§w 	·ni
i
·njzl¼D{
I2 ≤ 12
N−1∑
k=0
∫
Ω
∣∣∣∣F (v˜k+ 12 )− F (vk+ 12ij )∣∣∣∣ [‖∇φ‖∞ + ‖φ‖∞‖∇g‖∞2
]
∆x dΩ
≤ 1
2
N−1∑
k=0
C∆t TV (F (v˜k+
1
2 ))∆x ≤ C∆x.
;©p {Łi áz<¾¾ni¡n
¹
p Å§¼§k1¼Dn
∆t → 0 ¼D{ ';·§sl
) 	*¼¿n ¹ ∆t = C∆x (A×z¼D{Łvä¼D{3ni
z<ÃqÃi<ÄŁ{3n n
¹
p1Ãqil{½lpwgv<pq{Ãqp­ioÆ
vν
nji
v
¼§{
L1,loc(Ω × I) 	 ypﬃ{ãzoÅ§ÅDÀ iŁnjzo¼§{ n ¹ znn ¹ p
Å§¼Dkm¼DnÆÞÄŁ{Ãn¼§il{
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zoÅ§il{vmz1v<¼D½<pq{ â·¼J!@Ä¾¼Di<{³áãzn
¹
¼§{}n
¹
p~njpqgj{zogjÀ¡zoÅ§ÅDiÀQ1·¼JN
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¹
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¹
p
pHG·á:pqgj¼Dkmpw{<n¾qP;©pÃi<{¾¼§â·pwgyn
¹
p~ÆÞi<ÅDÅ§i¼D{vçv<pq{ŁpwgjzlÅ áŁgi
ŁÅ§pqk 
∂tC −∇ · (D(C) ∇C) = 0 ¼§{ Ω× (0, T ), ' 9ã 
)
zoÅ§il{v ¼Dn
¹
:ilÄŁ{ãâŁzogjÀ¡Ãi<{â·¼Dn¼§il{¾
C = C0
i<{
∂Ω1, −D(C)∇C · ν = 0 i<{ ∂Ω2, 0 < t < T, '39 
)
zo{ãâ}zl{³¼§{Ł¼Dn¼´zoÅåÃqil{âŁ¼¿nj¼Di<{
C(x, 0) = C0(x), x ∈ Ω. ' 9 9 )
ﬀ pwgp
	
Ω
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ãi<ÄŁ{â·psâ â·ilkÒzo¼§{C	
∂Ω1
zo{â
∂Ω2
zogjpmilá:pq{ {Łi<{ NTi½lpqgjÅ´zoáŁáŁ¼§{Łv
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6¼§á¾
¹
¼¿n7M:ilÄŁ{ãâŁzogjÀ
∂Ω
' ¾ÄÃ
¹
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¹
zn
∂Ω = ∂Ω1 ∪∂Ω2 ) 	 (0, T ) ¼§¾)z­vl¼§½lpw{
n¼§kmp­¼D{3njpqgj½ªzlÅ6zo{â
C0
gjpqáŁgjpw¾pq{3n¾én
¹
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åpn
C∗(x, t)
ÆÞilg
x ∈ Ω 	 t ∈ (0, T ), '39 )
:p z   v<¼D½<pq{CF>ÆÞÄ{Ãnj¼Di<{C	½¼I7<h¾àÄŁ¼Dnjz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(x, t)
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D(C)
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zl¼Dk"¼´¾ynimâ·pnjpqgjkm¼D{Łpn
¹
p~ÄŁ{,{Łi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D = D(s,p)
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ŁÅ§p­Ã
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D(s,p)
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• f>i)pwgyÅ´z 
D(s,p) = p1s
p2(1 + p3s+ p4s).
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6¼§{Łpwzlg¼D{3npwgá:ilÅ´znj¼Di<{
D(s,p) = pi +
pi+1 − pi
h
(s− ih) ÆÞilg s ∈ (ih, (i+1)h), i = 0, . . . ,m−1,
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h = 1m
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zogjp~áŁgjpw¾jÃgj¼I:pwâ  ' 9ã 8 )
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∫
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pwgp
Ck = C(x, t,pk)
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p~gjpw¾ÄŁÅDnj¾ioÆ4n
¹
¼§¾ Ã
¹
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Ãi3¾ÁnÆÞÄŁ{ãÃn¼§il{ãzoÅO'39§w
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¹
zª½<p»n
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p~ÆÞilÅ§Å§i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C(x, t,p)
¤jçÞŁ q¦W¶·;  Á	     	       ×
D(s,p)
´
¥} Òwom¶·@; «¥@}¦D F ¤ä<é: ¤  	       ψ(x, τ) ¤¡1q¦W¶·; 
Áéo¦¦D£ jo¨; à ¶ ®¶¥o o
∂τψ −∇ · (D(C(x, T − τ,p))∇ψ(x, τ))
+D′s(C(x, T − τ,p))∇C(x, T − τ,p) · ∇ψ(x, τ) =
= −2 (C(x, T − τ,p)− C∗(x, T − τ)) ' 9ãD<%)
×Łq
D′s =
dD(s)
ds
y¥¦Do3£°¤¶·:<¥ ³¥o:¡; ¥¦4o:; «o¨q©¤ 
ψ(x, τ) = 0
o
x ∈ ∂Ω1,
D(C,p)∇ψ(x, τ) · ν = 0  x ∈ ∂Ω2,
ψ(x, 0) = 0.
'39§s
)
@Łq 
∇pF(p) =
∫ T
0
∫
Ω
∇pD(C(x, t,p)) (∇C(x, t,p) · ∇ψ(x, t)) dx dt, '39§w )
×Łq
ψ(x, t) = ψ(x, T − t). ' 9ãD 9 )
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6pqn«n
¹
p á:pqgnÄgﬂ:pwâ ½zlÅDÄŁp
p + δp
	P'
δp ≡ (δp1, . . . , δpm) ) 	 v<¼D½<pgj¼§¾p­niän ¹ p
¾ilÅ§Ä·n¼§il{
C+δC
/;©p»zogjpÅDii
3¼§{Łv~ÆÞi<géz~ÅD¼§{ŁpszoghkÒzoááŁ¼D{vQ'Þ¼; p<
¸
npszoÄ Gmâ·¼I!:pwgpw{<nj¼§zlÅ4)
:pnypqpq{
δF := F(p + δp, C + δC) − F(p, C) zo{â δp   pwvlÅ§pwÃn¼§{Łv}n ¹ pä¾pwÃqil{â
ilgâ·pwg)njpqgjkÒ¾ioÆ
δp
yp­i·nzo¼§{
δF = 2
∫ T
0
∫
Ω
δC (C(p)− C∗(x, t)) dx dt. ' 9ãDª)
A×i pqÅ§¼Dkm¼§{znjp
δC
ÆÞgjilk ' 9§s
)()p¡âŁpqgj¼D½<pmz :ilÄ{âŁzogjÀ°½zlÅDÄŁpÒági
ŁÅDpwk  ¨ª¥o 
¥; Ò¼D{'n
¹
pmÆÞi<ÅDÅ§i¼§{ŁvzªÀlﬁ1¼§{Ãp
C + δC
¼´¾n
¹
pÒ¾ilÅ§Ä·n¼§il{©ioÆ=' 9ã 
) N ' 9 9 )Ãqilgjgp+N
¾áãi<{â·¼§{Łv1ni
p + δp
	 yp
¹
zª½<p
∂t(C + δC)−∇ · (D(C + δC,p + δp) ∇(C + δC)) = 0 ¼D{ Ω× (0, T ), '39§w
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zlÅDi<{Łv¼Dn
¹
:ilÄŁ{ãâŁzogjÀäÃi<{â·¼Dn¼§il{¾
C+δC = C0
il{
∂Ω1, −D(C+δC,p+δp)∇(C+δC)·ν = 0 il{ ∂Ω2, ' 9§ )
zl{âä¼§{Ł¼Dn¼´zoÅåÃqil{âŁ¼¿nj¼Di<{
C(x, 0) + δC(x, 0) = C0(x).
'39§ )
1Ä ¾Ánjgjz<Ãnj¼D{Łv   p 3Äznj¼Di<{ ¼´¾pFL' 9 ) N5'39 9 )ÆÞgi<k ' 9§w ) N ' 9ãD 
)zl{â {ŁpwvlÅ§pwÃn¼§{Łv}zlv<zl¼D{
¾pwÃqil{â³ilgâ·pqgynjpqgjkm¾#	 yp=ﬃ{â³n
¹
p­p 3Äznj¼Di<{' ¨¥ ¥o oŁ
∂t(δC) −∇ · [D(C,p) ∇δC +D′s(C,p)δC∇C + (∇pD(C,p) · δp)∇C] = 0
' 9§ 8 )
¼§{
Ω× (0, T ) 	ŁzlÅDi<{Łv¼Dn ¹ :ilÄŁ{ãâŁzogjÀäÃi<{â·¼Dn¼§il{¾
δC = 0
il{
∂Ω1,
[D(C,p)∇(δC) +D′s(C,p)δC∇C + (∇pD(C,p) · δp)∇C] · ν = 0
il{
∂Ω2,
' 9 o )
zl{âä¼§{Ł¼Dn¼´zoÅåÃqil{âŁ¼¿nj¼Di<{
δC(x, 0) = 0.
' 9ã Ł%)
. ÄÅ¿nj¼DáŁÅ§À¼D{v' 9ãD8
)/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¹
ÆÞÄŁ{Ãn¼§il{
ψ(x, t)
	3ni:p«¾áãpsÃ¼Iﬃpwâ:pqÅ§i 	3¼D{3npwvlgznﬂN
¼§{Łvmi½lpwg
Ω× (0, T ) zl{â}Ä¾¼D{Łv'39 o
)yzl{â8'39 · ) 	 ypv<pn
∫
Ω
δCψ dx
∣∣∣∣T
0
−
∫ T
0
∫
Ω
δC∂tψ dx dt
−
∫ T
0
∫
Ω1
[D(C,p)∇(δC) +D′s(C,p)∇CδC + (∇pD(C,p) · δp)∇C] · ν ψ dx dt
+
∫ T
0
∫
Ω
[
D(C,p)(∇(δC) · ∇ψ)︸ ︷︷ ︸
(I)
+D′s(C,p)(∇C · ∇ψ)δC
+ (∇pD(C,p) · δp)(∇C · ∇ψ)
]
dx dt = 0.
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ψ(x, t)
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:pqÀÒn
¹
pÃi<{â·¼Dn¼§il{¾
ψ(x, t) = 0
ÆÞilg
x ∈ ∂Ω1, D(C,p)∇ψ(x, t)·ν = 0 ÆÞilg x ∈ ∂Ω2, ψ(x, T ) = 0.
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∫ T
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∫
Ω
δC
[
∂tψ +∇ ·
(
D(C,p)∇ψ)−D′s(C,p)(∇C · ∇ψ)] dx dt
+
∫ T
0
∫
Ω
∇pD(C,p)(∇C · ∇ψ) dx dt · δp = 0. '39  9 )
 i 	n
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p~ÆÞÄ{Ãnj¼Di<{
ψ(x, t)
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:p Ã
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:ilÅ§¼§Ã«p3Äzon¼§il{
∂tψ +∇ · (D(C,p)∇ψ) −D′s(C,p)∇C · ∇ψ = 2 (C(p)− C∗(x, t)) ,
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pwg<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¹
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ψ
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' 9ã  9 ) À¼DpwÅ§â
δF =
∫ T
0
∫
Ω
∇pD(C,p)∇C · ∇ψ dx dt δp. ' 9ã l
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KyÀ¡áŁÄ·nn¼§{Łv
τ = T − t 	n ¹ p­áŁgji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ŁÅ§pqk ' 9§l ) N ' 9ãDª)
ÂŁgjilk n
¹
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Ç 3Äzon¼§il{'39§l )£¼´¾)zçÃil{½<pwÃnj¼Di<{ N¢â·¼J!@Ä¾¼Di<{Òp3Äzon¼§il{ﬁ¼Dn
¹
gjpw¾á:pwÃn)ni
ψ
zl{â¡Ãqzl{ :p
¾ilÅ§½lpsâ ¼Dn
¹
zoáŁáŁgjilág¼´znjp»kmpn
¹
i·âŁ¾qhÂilg¾¼DkmáŁÅ§¼§Ãq¼¿nÁÀ
	 )p­Ã
¹
i3¾àpzov3zo¼§{¡n
¹
pkmpqn
¹
i·â³ioÆ
Å§¼D{pw¾#	,
¹
¼´Ã
¹
zl¾Ä¾pwâäÆÞilgn
¹
pâ·¼§gpsÃn áŁgjiÅDpwk	Ł¾pqpﬁ'Ł§
)yzl{â8'Ł · )
;©pÆÞilÅ§Å§iÏn
¹
p»zo{ã¾zonﬂ7 zl¾h¼D{mn
¹
p s áŁgjiŁÅ§pqk ¼¿n
¹
kmi½3¼§{Łv­¼§{3npqgÆ zlÃqpioÆ:-
¹
zlá·npwg
 A×i ¾ilÅ§½lp '39§l ) 	Dyp?ﬃg¾Án ¾ài<ÅD½<p n
¹
p©â·¼§gjpwÃn}áŁgjiŁÅ§pqk 	»zl{â ¾Ä,¾p3ÄŁpq{3njÅDÀ n
¹
p
z<â Áil¼§{3n~¾À·¾Ánjpqk ' 9ãD<%) N5'39§s)ÆÞilg
ψ
K)À n
¹
pm¾zlkmp 
×zo{âŁzlÄCF ¾»njgjzl{¾àÆÞilgjkmzon¼§il{°zl{â
¾ázlÃqp«â·¼´¾jÃgjpn¼ 7wzon¼§il{¾én
¹
p«½zoÅ§ÄŁps¾
C1i = C
1(yi, T − τ) zl{â C2j = C2(yj , T − τ)
Ãqzl{
:p­Ä¾pwâ³niÒÃi<{¾àngjÄÃn½zoÅ§ÄŁpw¾yÆÞi<g
D(C,p)
zo{â
C
 »ionp~n
¹
znn
¹
p­áŁgji"ﬃÅ§pw¾yilÆ
ψ
zo{ãâ
C
¼DÅ§ÅPãp
	6vlpw{ŁpqgzoÅ§Å§À	 3ÄzoÅ§¼¿nznj¼D½<pqÅ§À âŁ¼J!@pqgjpq{3n#	
¹
pq{Ãqp n
¹
pm{Łil{p3ÄŁ¼´â·¼§¾ànjzl{3nv<g¼´â?¼§ÅDÅ
{Łiln {ŁpwÃqpw¾j¾zlgpwÅDÀmÅ§pwz<âänjiÒz:pnnpwg»zoáŁági G·¼§kmzon¼§il{6
«pq{Łilnp
F 1i (τ) ≈ ψ1(yi, τ)
il{
Ω1(τ)
	zo{â*¾¼Dkm¼§Å§zlgÅ§À
F 2j (τ) ≈ ψ2(yj , τ)
i<{
Ω2(τ)
%»pHGn#	ãâ·pq{Łilnp À
pk2(y, i)
n
¹
p¾àpsÃil{ãâäi<gjâ·pwg 
åzov<gjzl{Łvlp«áãi<ÅDÀ{Łi<km¼§zlÅ ¼D{3npwgá:i"N
Å´znj¼D{Łv n
¹
ps¾àp«½zoÅ§ÄŁpw¾é¼D{Òn
¹
páãi<¼D{3nj¾
(yi−1, F
k
i−1)
	
(yi, F
k
i )
zo{ãâ
(yi+1, F
k
i+1)
ÆÞilg
k = 1
zl{â
2
hÂŁÄŁgn
¹
pqgjk1i<gp
	·¾àpqn
C∗i ≈ C∗(yi, T − τ)
 A:)i   N¢¾À¾ànpwkÒ¾zogjp«i
·njzl¼D{Łpsâ r
d
dτ
F 1i (τ)−
1
s2(T − τ)D(C
1
i )
d2
dy2
p12(yi, i)+yi
s˙(T − τ)
s(T − τ)
d
dy
p12(yi, i) = −2(C1i −C∗i ),
' 9  )
ÆÞi<g
i = 1, . . . , N − 1 	Łzl{â³zlÅ§¾i1ÆÞilg i = 0 ¼D{}n ¹ pÃqzl¾p~ioÆ>z »pqÄŁkÒzl{Ł{KD-<	ãzo{â
d
dτ
F 2j (τ) −
1
(X − s(T − τ))2D(C
2
j )
d2
dy2
p22(yj , j)
− yj s˙(T − τ)
X − s(T − τ)
d
dy
p22(yj , j) = −2(C1j − C∗j ),
' 9 ﬃ )
ÆÞi<g
j = 1, . . . ,M − 1 	Łzo{ãâ³zlÅ§¾içÆÞi<g j = 0 ¼§{}n ¹ pÃwzl¾p«ilÆ>z.»pqÄŁkÒzo{{ K>-«
A
¹
p«¼D{3njpqgÆ zlÃp«p3Äzon¼§il{¡¼´¾hn
¹
p~¾zlk1pzl¾é¼D{än
¹
p~â·¼§gpsÃn)ági
ŁÅDpwk 	'Ł l
) 	zoÅ§ÅDi¼§{Łv
n
¹
p pqÅ§¼Dkm¼§{znj¼Di<{ ilÆ
F 1N = F
2
M
ÆÞgjilk '39  ) N ' 9 ﬃ )!ÂŁgjilk n
¹
p ¾ilÅ§Ä·n¼§il{ )p i<{ŁÅDÀ
{Łpwpwâ nilpqpwá ngzlÃ5}ioÆén
¹
p1½zoÅ§ÄŁpw¾
d1F
1
i =
d
dyp
1
2(yi, i)
zl{â
d1F
2
j =
d
dyp
2
2(yj , j)
zon
p <Ä¼§â·¼´¾ànjzo{3nn¼§kmp­½zoÅ§ÄŁpw¾
t = t1, . . . , tm



+
   
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
 ﬂ

ﬂ#"

"  ∇pF
A
¹
p1zo{zlÅDÀ3nj¼§Ã~ÆÞi<gkﬀilÆ ∇pF ¼§¾«vl¼§½lpw{À'39§w )MA ¹ ¼´¾«pHG·áŁgjpw¾j¾à¼§il{¼§ÅDÅ/:pçzoááŁgi G·¼IN
kÒznjpwâ Äã¾à¼§{ŁvÒn
¹
p {ÄŁkmpqgj¼´ÃqzoÅ×½zoÅ§ÄŁpw¾»ioÆ
C
	 ∇C zl{â ∇ψ 	:i·nzo¼§{Łpwâ ¼D{ n ¹ p ágpw½3¼§ilÄã¾
¾pwÃn¼§il{¾wL;'p­pwk1á
¹
zl¾¼I7wp»n
¹
znn
¹
p~½zoÅ§ÄŁpw¾yÆÞi<g
C
zl{â
ψ
zogjp~ÃqzoÅ´ÃÄÅ§zonpwâ³¼§{än
¹
p¾zlkmp
v<g¼´â°á:il¼§{3nj¾
xi
zo{â'n
¹
pm¾jzokmp1n¼§kmpÒáãi<¼D{3n¾
tm
	ån
¹
pmÅ´znànjpqg :pq¼§{Łv p3ÄŁ¼´â·¼´¾Ánzo{3n ¼¿n
¹
$  -  
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∂τψ − a(x, τ)∂2xψ = f(x, τ)
	 	
n¼§kmp¾Ánjpqá
∆t
 A
¹
pq{ 	Ãi<{¾à¼´â·pwg¼§{Łv
ψ(x, t) = ψ(x, τ) = ψ(x, T − t) 	,ypi
·njzl¼D{
∇pF(p) ≈
m−1∑
k=0
∆t
[
N∑
i=0
(α1i + α
1
i+1)
2
∇pD(C1i (k))d1C1i (k)d1F 1i (m− k))
1
s(tk)
+
M∑
j=0
(α2j + α
2
j+1)
2
∇pD(C2j (k))d1C2j (k)d1F 2j (m− k))
−1
X − s(tk)
 , '39  8 )

¹
pwgp
α10 = α
1
N+1 = 0 = α
2
0 = α
2
M+1

   

 	 ﬂ  
 

∂τψ(x, τ) − a(x, τ)∂2xψ(x, τ) =
f(x, τ)   a
 ﬂ  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Ç 3Äzon¼§il{ ' 9ãD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ÅDpwk ¼§{
n
¹
p1Ãwzl¾p ioÆ&7qpqgji³¾Ä,¾àngznjp áŁgjiÅDpwk	
¹
pwgp)p
¹
zª½lp1z¡kmi½¼D{vä¼§{<njpqgÆ zlÃqpB¼Dn
¹
i<{
n
¹
pçgj¼Dv
¹
n«ioÆh¼Dn
C = 0
	:¾i¡n
¹
zn
D(C) = 0
(¢{ n
¹
¼´¾~¾àá:pwÃq¼Jﬃ:Ã Ãqz<¾àpç¼¿n¼§¾{ŁilnzäáŁg¼§ilgj¼
ÃÅ§pwzlgypn
¹
pqgn
¹
pä¾À·¾Ánjpqk ' 9§l ) N ' 9ãDª)
¹
zl¾ z ¾ài<ÅDÄŁn¼§il{6¢{®n
¹
¼´¾1pwÃn¼§il{)p³¾
¹
zlÅDÅ
áŁgji½lp«n
¹
p­p+G·¼§¾ànpw{Ãp~ioÆ£zm¾ài<ÅDÄŁn¼§il{6
A
¹
p~il{pHN¢â·¼Dkmpw{<nj¼Di<{zoÅ6âŁ¼J!@pqgjpq{3n¼´zoÅ p 3Äznj¼Di<{ '39§l%)
¹
z<¾yn
¹
p~ÆÞi<gk
∂tψ(x, t) + a(x, t)∂
2
xψ(x, t) = f(x, t),
' 9ã <
)
zoÅ§il{v ¼Dn
¹
:ilÄŁ{ãâŁzogjÀ¡Ãi<{â·¼Dn¼§il{¾
∂xψ(0, t) = 0, a(L, t)∂xψ(L, t) = 0,
' 9ã %)
zo{ãâ}¾àni<áŁáŁ¼§{ŁvÒÃi<{â·¼Dn¼§il{
∂xψ(x, T ) = 0,
' 9ã 3)

¹
pwgp
a(x, t)
'
= D(C,p)
) zo{ãâ
f(x, t)
'
= 2 (C(p)− C∗(x, t)) ) 	 zlgp{Łi{}ÆÞÄŁ{ãÃ N
n¼§il{ã¾q
A
¹
p³ilgj¼Dv<¼D{zlÅháŁgjiŁÅ§pqk 	
C(x, t)
	
¹
zl¾çz kmi½3¼§{Łv ÆÞgjil{3nçzon
s(t)
	
s(0) = s0 > 0
	
ioÆ=
¹
¼´Ã
¹
¼DnÒ¼§¾ 3{i{ØÆÞgjilk á:ilgjilÄ¾1kmpwâŁ¼§z©p3Äzon¼§il{¾1n
¹
znÒ¼Dnä¾Ánzognj¾çni kmi½<p}zon
t = T1 ≥ 0 	4zo{â zoÆnpwgﬂzogâŁ¾¼§¾ ¾Ánjg¼´ÃnjÅDÀ'¼D{Ãqgpszl¾¼D{vä«ÄŁpÒnji n ¹ p :p ¹ zª½3¼§ilÄg­ioÆ C
zo{ãâÒn
¹
pâ·pwvlpw{ŁpqgzlÃqÀçilÆ
D
	 )p
¹
zª½<pn
¹
zonn
¹
p«ÆÞÄŁ{Ãn¼§il{
a(x, t)
¹
z<¾é¼§{
(s0, s(T ))
n
¹
p
¾jzokmpkmi½3¼§{Łv­¾ÄŁáŁá:ilgnézl¾
C
P. i<gpwi½lpqg%	ª¼¿Æ
C(x0, t0) > 0
	ln
¹
pw{mn
¹
p ¾ilÅ§Ä·n¼§il{m¼´¾
C∞
N
¾k1iiln
¹
¼§{çz»{Łpq¼§v
¹
:ilÄŁg
¹
ii·â­ioÆ
x0
ÆÞilg
t > t0
 «{n
¹
p)iln
¹
pwg
¹
zo{â 	 ∇a = D′(C)∇C

¹
¼´Ã
¹
Ãqzo{:pwÃi<kmpÄ{â·pHﬃã{Łpwâ znn
¹
p­¼§{<njpqgÆ zlÃqpl
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¹
¼´¾­Ãqzl{ãpÒp+GáÅ§zl¼D{Łpsâ®zl¾ÆÞilÅ§Å§i ¾qﬁTÆE)p¡Ãqil{¾¼´â·pqg~n
¹
p Kzogjpq{ ŁÅ´znànﬂN;f£zonànÅ§pm¾àiN
Å§Ä·n¼§il{ 	 'Ł§w
)H	 yp
¹
zª½lp1n
¹
zn#	
D′(C)
¼´¾
0
'ÆÞi<g
p2 > 1
)H	åilg ∞ 'ÆÞi<g 0 < p2 < 1 )
A
¹
p¾àpsÃi<{âmázog)ioÆ ∇a n#	 ∇C â·pqá:pq{â¾éi<{Òn ¹ p¾ài<ÅDÄŁn¼§il{6>ÂŁi<ghn ¹ p<Kzogjpq{ŁáÅ§zonàn NTf£znnÅ§p
¾ilÅ§Ä·n¼§il{ ∇C = −∞ ÆÞilg x → s(t) 	>'ÆÞilg p2 > 1 )~i<g ∇C = 0 ÆÞi<g x → s(t) 'ÆÞi<g
0 < p2 < 1
) 	zo{âyp»v<pn)zlÅIzªÀ·¾ ∇a = c 	
¼Dn ¹ −∞ < c < 0 L¢{Òvlpw{ŁpqgzoÅ 	<zlÅ¿n ¹ ilÄv ¹
n
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¹
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¹
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¹
pm¼§{<njpqgÆ zlÃqp
s˙(t)
¼´¾Eﬃ{Ł¼Dnp
	Ł¼Dn {Łpqpsâä{Łiln>ãp~n
¹
pÃqz<¾àpn
¹
zn ∇a ¼´¾Dãi<ÄŁ{â·psâ &-)il{ã¾à¼´â·pqgÆÞi<gpHGŁzokmáŁÅ§pn ¹ p
 	  < 
 	
∂tw = ∂x
[
(aw2 − bw)∂xw
]
,

¹
¼´Ã
¹ ¹
zl¾yn
¹
pngzª½lpwÅD¼§{Łv"N zª½lp»¾ilÅ§Ä·n¼§il{
w =
√
2c1x+ 2ac21t+ c2,
zl{â¡n
¹
p­kmi½¼D{Łvmpsâ·vlp
s(t) = −2ac
2
1t+ c2
2c1
.
¢{©n
¹
¼§¾Ãwzl¾p	
D(w) = aw2 − bw zo{â D′(w) ¼§¾{Łil{,7wpqgji}zon­n ¹ pä¼D{3npwgàÆ z<Ãp w = 0 	

¹
pwgpszl¾
∂xw|w=0 = sign(c1)∞ &A ¹ pqgjpÆÞilgjp	 ∇a = −∞ 	zl{â)pÃqil{ÃqÅDÄãâ·p~n ¹ zon ¼D{
v<pq{ŁpwgjzlÅ ypçÃqzl{Ł{Łilnzl¾j¾ÄŁkmpgpwvlÄŁÅ´zogj¼DnÁÀ³ilÆ
a
=A
¹
¼´¾âŁpqvlpw{ŁpqgzlÃqÀ³â·ips¾»{Łiln~zlÅDÅ§i n
¹
p
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¹
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	 yp­Ãqzl{}z<¾¾ÄŁkmpn
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¼D{v ÆÞi<g
a
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
1. a(x, t)
¹
z<¾¾Ánjg¼´ÃnjÅDÀä¼D{Ãqgpszl¾¼D{v1¾ÄŁáŁá:ilgn ÄŁá}ni
s(t)
	
0 < s0 ≤ s(t) ≤ s(T ) < L, 0 ≤ s˙ ≤ K
2. a(x, t) = 0
ÆÞi<g
x ≥ s(t),
3. ∂xa(s(t), t) = c(t),
¼¿n
¹ −∞ ≤ c(t) < 0.
¢{}n
¹
pÃwzl¾p
c(t) = −∞ 	 yp~ÃwzoÅ§Å@n ¹ p­ági
ŁÅDpwk â·pwvlpq{pqgznp .
' 9 l )
ﬀ»pqgjp	
K
¼§¾z1Ãi<{¾Ánzo{3nw£Âilg¾à¼§kmáŁÅ§¼§Ãq¼¿nÁÀ yp«njz"<p
s(T ) < L
L¢{³n
¹
p­Ãqz<¾àp(yp{pqpwâäni
kmi·â·pqÅ Äáänjiçnj¼Dkmps¾
s(T ) ≥ L 	 yp­Ãqzl{äÄ¾pn ¹ p~gjpw¾ÄŁÅ¿n¾yvl¼§½lpq{ ¹ pwgpÄŁá³ni s(te) = L 	
zl{âmn
¹
pq{¡Ä¾pn
¹
pM{Łi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∂τ ψ˜I + y
s˙(T − τ)
s(T − τ)∂yψ˜I −
a˜(y, τ)
s2(T − τ)∂
2
yψ˜I = −f˜I(y, τ), y ∈ (0, 1),
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x = s(t)
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Ænpqg»gpwvlÄŁÅ´zogj¼I7sznj¼Di<{C	 '39 l )égjpwz<âŁ¾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∂τ ψ˜II − y s˙(T − τ)
L− s(T − τ)∂yψ˜II −
a˜∆(y, τ)
(L− s(T − τ))2 ∂
2
yψ˜II = −f˜II(y, τ).
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áŁÅ§¼´Ã¼DnÁÀ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∆y = yi − yi−1 	
∀i = 1, . . . ,M  A ¹ p ﬃ,G·pwâ {Łi·âŁzlÅ á:il¼§{3n yi Ãi<ggjpw¾áãi<{âŁ¾ nji*n ¹ pÏkmi½¼D{Łv*v<g¼´â
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xi(t) = yis(t)
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xi(t) =
L − yi(L − s(t)) ¼§{°ázlgàn= ;©p ¹ zª½<p­n ¹ zn ∆x(t) = xi(t) − xi−1(t) = ∆ys(t) ¼§{
ázlgànD 	zl{â
∆x(t) = xi(t)− xi−1(t) = −∆y(L− s(t)) ¼§{ ázognD  	¾pqp­Â4¼Dvã 9§l

åpn
Vi(τ) ≈ ψ˜I(yi, τ) 	 ∀i = 0, . . . ,M 	6zo{â VM+i(τ) := WM−i 	  ¹ pwgp Wi ≈
ψ˜II(yi, τ)
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∂τψ − a(x, τ)∂2xψ = f(x, τ)
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V˙M+i +
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L− syM−iδ
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(L− s)2∆y (δ
+VM+i− δ−VM+i) = fM+i, '39 9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i = 1, . . . ,M − 1 	
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,
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¢{Øzlvlgjpqpqkmpw{<n¼¿n
¹
n
¹
p³kmpn
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V ∆(y, τ) := Vi−1,h(τ) +
y − yi−1
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)
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∀y ∈ (yi−1, yi) 	 ∀i = 1, . . .M 2;©p}¾ ¹ i"n ¹ p Ãil{½<pqgjvlpq{ãÃpÒnji©z'ÅD¼§km¼¿nmÆÞÄŁ{ãÃn¼§il{

¹
pw{
∆y → 0 	
V ∆(y, τ)(τ) → V (y, τ), W∆(y, τ)(τ) →W (y, τ). ' 9ã 9<8
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∂τψ − a(x, τ)∂2xψ = f(x, τ)
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(ψI (y, t)

ψII(y, t))
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ψI ∈ L∞(I × (0, 1))  ∂yψ ∈ L2(I, L2,loc(0, 1))
¥@
TV (ψII ) <∞ £¶ ÞŁ¥oéÞŁ  lq; ∫
I
∫ 1
0
ψI∂τφ dydτ −
∫
I
∫ 1
0
1
s2
∂yψI∂y [a(ys(T − τ), T − τ)φ] dydτ
−
∫
I
∫ 1
0
y
s˙
s
∂yψIφ dydτ =
∫
I
∫ 1
0
φf(ys(T − τ), T − τ) dydτ, '39 o )
∫
I
∫ 1
0
ψII∂τφ dydτ −
∫
I
∫ 1
0
s˙(T − τ)
L− s(T − τ)ψII∂y(yφ) dydτ
=
∫
I
∫ 1
0
φf(L− y(L− s(T − τ)), T − τ) dydτ, ' 9ã Ł%)
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φ ∈ C∞(I × (0, 1)) £Þ}¶s±<±Ło φ ⊂ [0, T )× [0, 1) ≡ Q˜T 
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ψI(1, t) = ψII(1, t)
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ψ(x, t) =
{
ψI(
x
s(t) , T − t), x ∈ (0, s(t))

t ∈ (0, T )  
ψII(
L−x
L−s(t) , T − t), x ∈ (s(t), L)

t ∈ (0, T ) 
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ψII(y, τ)
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¹
pqgjp°¼´¾³z
Ãi<{¾ànjzo{3n
Q < 1
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n
¹
zn>yp
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zª½lp«n
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p~ÆÞilÅ§ÅDi¼§{ŁvmáŁgjilá:pqgn¼§pw¾yioÆ
a
r
max
0≤i≤L,L∆y≤Q
∣∣∣∣ai − ai−1∆y
∣∣∣∣ ≤ K(Q, τ), min0≤i≤L,L∆y≤Q,τ∈(0,T ) ai ≥ δ(Q) > 0.
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f ∈
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ψ∆(x, t) =
{
V ∆( xs(t) , T − t), x ∈ (0, s(t))

t > 0
 
W∆( L−xL−s(t) , T − t), x ∈ (s(t), L)

t > 0

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¹
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¹
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¹
)i<ÄŁÅ´â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¹
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¹
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¹
p ¼D{3npwgàÆ z<Ãp ) 	ézl{âØÄ¾p ¾Ánzo{âŁzlgjâ npwÃ
¹
{Ł¼ 3ÄŁps¾çÆÞilgÒÃi<{3½<pwÃn¼§il{ N¢â·¼I!:Ä¾¼§il{6;©p¼§ÅDÅ
v<¼D½<p«zo{³i½lpwg½¼§p+!ioÆ6n
¹
¼´¾zoáŁáŁgji<z<Ã
¹
¼D{ 1pwÃn¼§il{ 9 · ·/;'p~{Łi*áŁgji½lp»n
¹
p{ŁpsÃpw¾j¾jzogjÀ
z1áŁgj¼Di<g¼ ps¾Ánj¼DkÒzonpw¾#	Łzo{ãâ¡n
¹
pAx pw¾àn¼§kÒznps¾{Łpqpsâ·pwâ³ÆÞi<g>A
¹
pqi<gpwk 9 ·§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Çé¾àn¼§kÒznjpw¾£ÆÞi<g
V ni
zlgpv<¼D½<pq{ ﬃg¾Áns:;
¹
pq{mn
¹
pqgjp ¼§¾é{Łi­gj¼§¾ﬂ ÆÞi<gh{Łilnjznj¼Di<{zoÅãÃil{ŁÆÞÄ¾à¼§il{ 	
yp­â·gi<áän
¹
p¾ÄŁáãpwgj¾jÃgj¼§á·n
n
¼§{än
¹
p~n¼§kmp¾Ánjpqá6
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
cf =
∫ T
0
maxy f(y, τ) dτ < ∞ «ØÞŁq³<´ ¡¥ T¥o
C(cf ) <∞ q¡¥
max
0≤j≤2M, n=1,...,Nh
∣∣V nj ∣∣ ≤ C, '39 l
)
¶·ã  1¦»
h
	
h ≤ h0  
 
£¶· Ò
∫ T
0
∫ L
0
|∂xf(x, t)| dxdt <∞ hÞŁq
2M−2∑
i=1
∣∣Zn+1i ∣∣ ≤ c ∫ T
0
∫ L
0
|∂xf(x, t)| dxdt, '39 o )
£Þ
Zi = Vi+1 − Vi 
yjwà  
åpn
max0≤i≤2M V
n+1
i = V
n+1
l
 ÂŁgjilk ' 9 9< ) N ' 9ã 93
) 	)Ä¾¼D{ŁvØzl{*¼DkmáŁÅ§¼´Ã¼Dn
ÇhÄÅDpwg»¾Ã
¹
pqkmp­zo{â³gpwilgâ·pq{¼D{ŁvçnpwgkÒ¾#	 )p­v<pn
[1 + (γl + βl)h]V
n+1
l ≤ maxi V
n
i + γlhV
n+1
l + βlV
n+1
l + hmaxi
fi,
l = 0, . . . , 2M
Pﬀ pq{ãÃp
max
i
V n+1i ≤ maxi V
n
i + hmax
i
fi.
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∂τψ − a(x, τ)∂2xψ = f(x, τ)
	 ﬂ
1¼§km¼DÅ´zogjÅDÀ
	
min
i
V n+1i ≥ mini V
n
i + hmin
i
fi,
zo{ãâän
¹
pqgjpÆÞi<gp
max
0≤i≤2M
∣∣V n+1i ∣∣ ≤ max
0≤i≤2M
|V ni |+ h max
0≤i≤2M
|fi| . '39  )
A
¹
¼´¾Ò¼´¾¡z©gpsÃÄŁgjgpw{3n1¼§{Łp3ÄzlÅD¼DnÁÀ2¼Dn
¹
gjpw¾áãpsÃnÒni
n
 º«¾à¼§{Łv®n
¹
p ¼D{Ł¼Dn¼´zoÅ«Ãil{ãâ·¼¿nj¼Di<{
V 0i = 0
	C'39 l)éÆÞi<ÅDÅ§i ¾+	 
¹
¼§Ã
¹
áŁgji½lpw¾)n
¹
p=ﬃg¾Án zl¾j¾pqgn¼§il{äilÆ×n
¹
p
6pwkmkmz
ÂŁi<gn
¹
pç¾àpsÃil{ãâ}z<¾¾pqgn¼§il{ 	3{ionp~n
¹
zn»n
¹
p­nj¼Dkmpâ·¼´¾jÃgjpn¼ 7wzon¼§il{}vl¼§½lps¾+	zoÆnpwggpszogﬂN
gzo{Łv<¼D{Łvçn
¹
p~npqgjkÒ¾qr
[
1 +
(
s˙yi+1
s∆y
+
ai
s2∆2y
+
ai+1
s2∆2y
)
h
]
Zn+1i = Z
n
i +
(
s˙yi
s∆y
+
ai
s2∆2y
)
hZn+1i−1
+
ai+1
s2∆2y
hZn+1i+1 + h(fi+1 − fi), i = 1, . . . ,M − 2,
' 9ã  
)
[
1 +
(
s˙
s∆y
+
aM−1
s2∆2y
+
2aM
Ls∆2y
)
h
]
Zn+1M−1 = Z
n
M−1
+
(
s˙yM−1
s∆y
+
aM−1
s2∆2y
)
hZn+1M−2 +
2aM
L(L− s)∆2y
hZn+1M + h(fM − fM−1),
'39  8 )
[
1 +
(
s˙yM−1
(L− s)∆y +
2aM
L(L− s)∆2y
+
aM+1
(L− s)2∆2y
)
h
]
Zn+1M = Z
n
M
+
(
s˙
s∆y
+
2aM
Ls∆2y
)
hZn+1M−1 +
aM+1
(L− s)2∆2y
hZn+1M+1 + h(fM+1 − fM ),
'39 l )
zo{ãâ
[
1 +
(
s˙yM−i−1
(L− s)∆y +
aM+i
(L− s)2∆2y
+
aM+i+1
(L− s)2∆2y
)
h
]
Zn+1M+i = Z
n
M+i
+
(
s˙yM−i
(L− s)∆y +
aM+i
(L− s)2∆2y
)
hZn+1M+i−1
+
aM+i+1
(L− s)2∆2y
hZn+1M+i+1 + h(fM+i+1 − fM+i), i = 1, . . . ,M − 2,
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zlÅDi<{Łv¼Dn
¹
n
¹
p ãi<ÄŁ{âŁzlgÀ³Ãil{ãâ·¼¿nj¼Di<{¾
Z0 = 0, Z2M−1 = 0.
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ÅDÅ£n
¹
p¡ÃipÒÃq¼Dpw{3nj¾~¼§{ '39 ﬃ ) N ' 9 Ł ) zlgpm{Łi<{ N;{pqv<zon¼§½lp<B;©pmnjz"<pÒz"¾ilÅ§Ä·npm½zoÅ§ÄŁps¾
¼§{ '39 ﬃ
) N5'39 Ł )~zo{â®n
¹
pq{ ¾àÄk ÄáØÆÞilg
i = 1, . . . , 2M − 2 ®«ÄŁpänji n ¹ p³¾áãpsÃ¼IﬃãÃ
¾àngjÄÃnjÄŁgjpilÆ×n
¹
pÃipÒÃq¼Dpw{3nj¾Eypi
·njzl¼D{³n
¹
p­gpsÃÄŁgjgpw{3ny¼§{Łp3ÄzlÅD¼DnÁÀ
2M−2∑
i=1
∣∣Zn+1i ∣∣ ≤ 2M−2∑
i=1
|Zni |+ h
(
s˙y1
s∆y
+
a1
s2∆2
) ∣∣Zn+10 ∣∣
+ h
a2M−1
∆2y(L− s)2
∣∣Zn+12M−1∣∣+ h 2M−2∑
i=1
∣∣∣∣fi − fi−1∆y
∣∣∣∣∆y.
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p)¼§{Ł¼Dn¼´zoÅÃil{ãâ·¼¿nj¼Di<{
Z0i = 0
ÆÞilg
zlÅDÅ
i = 0, . . . , 2M − 1 	·zo{ãâ?' 9ã 3) 	¼; p< Z l0 = 0 = Zl2M−1
ÆÞilgzoÅ§Å
l = 1, . . . , Nh

;©p­{ŁiÃqil{¾¼§âŁpqgn
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Vi,h(τ) → Vi(τ) ¶· o ç¦ ³ (0, T ), '39 l
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Vi,h
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max
τ∈(0,T )
|Vi(τ)| ≤ C, ∀i = 0, . . . , 2M, ' 9ã ;9 )
¥o:
2M−1∑
i=0
|Vi+1(τ)− Vi(τ)| ≤ C, '39 <)
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%) . ilgjp«ágpsÃ¼´¾àpwÅDÀ
	 )p
¹
zª½<p
|∂τVi,h(τ)| =
∣∣∣∣V n+1i − V nih
∣∣∣∣ ≤ C(∆y , a, f) maxi |V ni | ∀h ≤ h0, ' 9 l )
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∂τψ − a(x, τ)∂2xψ = f(x, τ)
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= − s˙(τn+1)
s(τn+1)
yi
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(V n+1i − V n+1i−1 )
+
ai(τn+1)
s(τn+1)2∆2y
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(V n+1i+1 − V n+1i )− (V n+1i − V n+1i−1 )
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+ fi(τn+1),
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¹
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z1Å§¼Dkm¼Dn»zo{â Ãi<{¾p3ÄŁpq{3njÅDÀ
lim
l→∞
V nl+1i − V nli
hl
= V˙i(τ) = − s˙(τ)
s(τ)
yi
∆y
(Vi(τ) − Vi−1(τ))
+
ai(τ)h
s(τ)2∆2y
((Vi+1(τ) − Vi(τ)) − (Vi(τ) − Vi−1(τ))) + hfi(τ).
1¼§km¼DÅ´zogÅ§¼Dkm¼Dnj¾
¹
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¹
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¹
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∫ 1
0
∣∣∂yV ∆(y, τ)∣∣ dy ≤ C, ∫ 1
0
∣∣∂yW∆(y, τ)∣∣ dy ≤ C, '39  
)
Ło¦D ¶·ã  1¦ £';±ŁqT
∆

τ ∈ (0, T )   ¶·ÞŁq Ò 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δ(Q)
∫ τ
0
L∑
j=1
∆y
∫ j∆y
0
(
∂yV
∆(y, τ)
)2
dy dτ ≤ K(Q), ' 9ã  8
)
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M−1∑
i=0
∣∣∣∣Vi+1(τ) − Vi(τ)∆y
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s˙
s
yiδVi − ai
s2∆y
(δVi+1 − δVi) = fi, i = 1, . . . ,M − 1, '39 
)

¹
pwgp<)p~â·pw{Łionjpwâ
δVi = δV
−
i =
Vi−Vi−1
∆y
LA×i ágiioÆån
¹
ppq{Łpwgv<Àçps¾Ánj¼DkÒzonp	 ypMﬃãgj¾àn
kçÄŁÅ¿nj¼DáÅDÀ ' 9  )&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Vi∆y
O1ÄŁkmkÒzn¼§il{}ÆÞi<g
i = 1, . . . , j ≤M vl¼§½lpw¾
1
2
j∑
i=1
∂τ (Vi)
2∆y+
j∑
i=1
s˙
s
yiδViVi∆y−
j∑
i=1
ai
s2
(δVi+1−δVi)Vi =
j∑
i=1
fiVi∆y.
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»ionp~n
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zn'39 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p~ÆÞi<gk
I1,j + I2,j − I3,j = I4,j . ' 9 o
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¹
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|I2,j | ≤ C
∫ 1
0
∣∣∂yV ∆∣∣ dy ≤ C, |I4,j | ≤ C. '39  )
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$
:pqÅ F ¾»¾àÄŁkmkÒznj¼Di<{C	 '
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) 	ŁÆÞilgn
¹
p~npqgjk
I3,j
vl¼§½lpw¾
I3,j ≡ 1
s2
j∑
i=1
Vi(aiδVi+1 − ai−1δVi)− 1
s2
j∑
i=1
ai − ai−1
∆y
δViVi∆y
= − 1
s2
j∑
i=1
ai−1(δVi)
2∆y + [ajVjδVj+1 − a0V0δV1] 1
s2
' 9  9 )
− 1
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j∑
i=1
ai − ai−1
∆y
δViVi∆y.
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j = 1, . . . , L
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L∆y ≤ Q < 1 
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zn
δV1 = 0
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1
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j=1
j∑
i=1
∂τ (Vi)
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1
s2
L∑
j=1
∆y
j∑
i=1
ai−1(δVi)
2∆y
≤ C + 1
s2
L∑
j=1
∆y
j∑
i=1
∣∣∣∣ai − ai−1∆y
∣∣∣∣ |δVi|Vi∆y + 1s2
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j=1
ajVj |δVj+1|∆y. ' 9 o
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∂τψ − a(x, τ)∂2xψ = f(x, τ)
	  ﬁ
A
¹
pn
¹
¼§gjâ1njpqgjk ioÆ:n
¹
p g
¹
¾hÃqzl{ 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p­áŁgi<áãpwgànj¼Dps¾yioÆ
a
vl¼§½lpw{ä¼§{'39 o )L;'p=ﬃã{â
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j=1
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j=1
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i=1
∆y(Vi(τ))
2 dτ + δ(Q)
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(δVi)
2∆y dτ ≤ K(Q),
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Ł¥1¤
¨q Ò¤ ¦D¥o¨w1o¶·åÞŁ»:q¿s¤¶·Łss1à
x = s(t)
åq

¿  



ã¦ £Þ
Þ´­¶ÒTl ®@ Ò j±Ł1; m¥oT ¥©¤çjoŁ;¶¢ 
;©p­{Łi
â·psâ·ÄÃqp~zl{zoÅ§ilv<ilÄ¾ygjpw¾ÄŁÅDnj¾E¼Dn
¹
gps¾àá:pwÃnni1n
¹
p
τ
NT½zogj¼§zŁÅ§pl
éÉÎØÎÏË
  -    
qéÞŁ1¥ª¶ ±@ oŁ 	   

³¤­q¥o´ ) @
∫ T−z
0
∫ Q
0
∫ x
0
(
V ∆(y, τ + z)− V ∆(y, τ))2 dydxdτ ≤ C(Q)z, ' 9ã  8
)
¶· o ç¦ » {∆} £Þ Q < 1 )¥@∫ T
0
∫ Q
0
∣∣∂τW∆(y, τ)∣∣ dydτ ≤ C, ' 9ã <
)
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x
y
a(x, t)
x = s(t)
y = 1Q
δ(Q)
yM
?
yL
Â4¼§vlÄŁgjp'9ã rPA
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p~gpwvl¼§il{³zlgi<ÄŁ{â¡n
¹
p~pwâŁvlp
x = s(t)
¼´¾ÅDpqÆnilÄ·n¼§{}i<gjâŁpqg)nimi·nzo¼§{}z
áŁgj¼§ilgj¼:pwggjilgps¾Ánj¼DkÒznjpw¾ilÆ×n
¹
p­pq{Łpwgv<ÀmnÁÀáãp<
yjwà >;©p)¼§{3npwvlgznp(' 9ã 93
) i½<pqg
(τ, τ+z)
/. ÄŁÅDn¼§áŁÅ§À3¼§{Łv(À
(Vi(τ + z)− Vi(τ)) ∆y
zl{â³¾ÄŁkmkm¼D{vmÆÞilg
i = 1, . . . , j
À¼§pqÅ´â
j∑
i=1
(Vi(τ + z)− Vi(τ))2 ∆y =
−
j∑
i=1
yi∆y
∫ τ+z
τ
s˙(T − r)
s(T − r) δVi(r) dr (Vi(τ + z)− Vi(τ))
+
j∑
i=1
∫ τ+z
τ
ai(r)
(s(T − r))2 [δVi+1(r)− δVi(r)] dr (Vi(τ + z)− Vi(τ))
+
j∑
i=1
∆y
∫ τ+z
τ
fi(r) dr (Vi(τ + z)− Vi(τ)) ≡ I1,j + I2,j + I3,j . ' 9 Ł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KyÀ 
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zn
|I1,j | ≤ Cz, |I3,j | ≤ C
j∑
i=1
∆y
∫ τ+z
τ
fi(r) dr ≤ Cz. '39 <)
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∂τψ − a(x, τ)∂2xψ = f(x, τ)
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p­ázognD¼¿n
¹
Vi(τ + z)
	
I12,j =
j∑
i=1
∫ τ+z
τ
ai(r)
(s(T − r))2 [δVi+1(r) − δVi(r)] drVi(τ + z)
=
∫ τ+z
τ
aj(r)
(s(T − r))2 δVj+1(r) drVj (τ + z)
−
∫ τ+z
τ
a0(r)
(s(T − r))2 δV1(r) drV0(τ + z)
−
j∑
i=1
∫ τ+z
τ
ai(r)Vi(τ + z)− ai−1(r)Vi−1(τ + z)
(s(T − r))2 δVi(r) dr
=
∫ τ+z
τ
aj(r)
(s(T − r))2 δVj+1(r) drVj (τ + z)
−
j∑
i=1
∫ τ+z
τ
ai(r)δVi(τ + z)
(s(T − r))2 δVi(r) dr∆y
+
j∑
i=1
∆y
∫ τ+z
τ
ai(r) − ai−1(r)
∆y(s(T − r))2 Vi−1(τ + z)δVi(r) dr = J
1
1,j + J
1
2,j + J
1
3,j ,

¹
pwgp=ypÄã¾àpsâ
δV1 = 0
 KyÀ 
6pwk1kÒz 9 · 1zo{â 
6pwkmkmz 9ã Ł  	 )p~pw¾àn¼§kÒznjp
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¹
zn
∣∣J12,j∣∣ ≤ 12
j∑
i=1
∆y
∫ τ+z
τ
ai(r)
(s(T − r))2 (δVi(r))
2
dr
+
1
2
j∑
i=1
∆y
∫ τ+z
τ
ai(r)
(s(T − r))2 dr (δVi(τ + z))
2
≤ 1
2
C
j∑
i=1
∆y
∫ τ+z
τ
(δVi(r))
2
dr + Cz
j∑
i=1
∆y (δVi(τ + z))
2
.
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τ
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∆y
zo{ãâ©¾ÄŁk ÆÞilg
j = 1, . . . , L
 »pHGn#	/ypÒ¼D{3npwvlgznjp
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¼§¾éilá:pqgznj¼Di<{C	l¾àn¼§ÅDÅ*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∫ T−z
0
L∑
j=1
j∑
i=1
(Vi(τ + z)− Vi(τ))2 ∆2y dτ ≤ C(Q)z+
C
∫ T−z
0
∫ τ+z
τ
L∑
j=1
∆y
j∑
i=1
∆y (δVi(r))
2
dr dτ.
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:ilÄ{â·pwâŁ{Łpw¾j¾~ioÆ
V
zl{â
W
ÆÞilÅ§Å§i ¾yÆÞgi<k 
6pwk1kÒz 9 · ·PA
¹
¼´¾Ãi<kmáŁÅDpqnps¾yn
¹
p­áŁgjiioÆÁ
;©pzogjp«{iáŁgjpqázlgpsâÒnjiÒáŁgi½<p(A
¹
pqilgjpqk 9ã ŁD<
   	   «ÄŁpnji»p+ﬃ{Ł¼Dn¼§il{ 9 · «¼¿n)¼§¾h¾Ä'¡Ã¼§pq{3n£njiáŁgji½lp)n
¹
zon
V ∆ → ψI zo{ãâ W∆ → ψII 	  ¹ pwgp ψI zl{â ψII zlgp«n ¹ pÃqilgjgps¾àá:il{ãâ·¼D{v ½zogj¼§zon¼§il{zlÅ
¾ilÅ§Ä·n¼§il{ã¾ioÆ '39  9 ) zl{â' 9ã <
) 	gjpw¾áãpsÃnj¼D½<pqÅ§Àl
;©päÃi<{¾¼§â·pwg z ¾p3ÄŁpw{Ãp {∆l}∞l=1
¼¿n
¹
vlgj¼§â¾à¼ 7qp
∣∣∆ly∣∣ → 0 ÆÞi<g l → ∞ ?A ¹ p
{ÄŁkãpwg ioÆ v<g¼´â·á:il¼§{3nj¾¼´¾v<¼D½<pq{ À
Ml
 
6pqn
φ ∈ C∞(Q˜T ) °»pw{ŁionjpQÀ φi(τ) =
$  -  
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1
∆ly
∫ yi+1/2
yi−1/2
φ(y, τ) dy
	
i = 1, . . . , L
' )p³ilkm¼Dn n
¹
p³¼§{â·p+G
l
) . ÄŁÅDn¼§áŁÅDÀ '39 9< )=À
φi∆y
zo{â©¾àÄk ÆÞilg
i = 1, . . . ,M
1·¼D{Ãqp
suppφ ⊂ [0, T ) × [0, 1) n ¹ pqgjp1pHG·¼§¾ànj¾­zl{
¼§{<njpqv<pqg
l0
¾i n
¹
zn
φi ≡ 0 ÆÞi<g i = M − 1,M  ¹ pq{ l > l0 P;©p­iŁnjzo¼§{³n ¹ p­p <ÄãzoÅ§¼¿nÁÀ
M−1∑
i=1
V˙iφi∆y +
M−1∑
i=1
s˙
s
yiδViφi∆y−
M−1∑
i=1
ai
s2
(δVi+1−δVi)φi =
M−1∑
i=1
fiφi∆y.
'39 8l )
KyÀ
$
ãpwÅ F ¾ ¾ÄŁkmkmzon¼§il{³n
¹
¼´¾gjpwâ·ÄãÃpw¾ynji
M−1∑
i=1
ai
s2
(δVi+1 − δVi)φi = −
M−1∑
i=1
1
s2
δViδ(aiφi)∆y ,

¹
pwgp yp~Ä¾àpsâ
δV1 = 0
zo{â
aM−1φM−1 = 0
P¢{3npwvlgznj¼D{Łv'39 8l
)&¼Dn
¹
gjpw¾áãpsÃnni
τ
zo{â³á:pqgÆÞilgjk1¼§{Łvm¼§{<njpqv<gjzon¼§il{QÀ¡áãzognj¾À¼DpwÅ§â¾
−
∫ T
0
M−1∑
i=1
Viφ˙i∆y dτ +
∫ T
0
M−1∑
i=1
s˙
s
yiδViφ¯
∆∆y dτ
+
∫ T
0
M−1∑
i=1
1
s2
δVi∂y(aφ)
∆∆y dτ =
∫ T
0
M−1∑
i=1
f¯∆φ¯∆∆y dτ,
'39 8<)

¹
pwgpypçÄ¾pwâ
Vi(0) = 0
zo{â
φi(T ) = 0
B;©pÒâ·pq{ŁilnpsâÀ
(aφ)∆
n
¹
p1á¼DpsÃp+¼´¾p
Å§¼D{Łpszog«ÆÞÄŁ{Ãn¼§il{©¼D{
y
â·pHﬃ{pwâ?À kmpwzl{¾ioÆ
aiφi
zl¾«¼§{ ' 9ã 97")=A
¹
p ÆÞÄŁ{ãÃn¼§il{
φ¯∆
¼§¾
áŁ¼§pwÃqp+¼´¾àp Ãqil{¾ànjzl{3n»¼D{
y
	@¾i
φ¯∆ = φi
ÆÞi<g
y ∈ (yi−1, yi) MA ¹ pç¾jzokmp ¹ i<Å§âŁ¾ ÆÞilg f¯∆ 
;©pÃqzo{}gjp+gj¼¿njp'39 8<)é¼§{}n
¹
p~ÆÞi<gk ' ¾pqpﬁ' 9ã 97") 	C'39 9  ) ) 	
−
∫ T
0
∫ 1
0
V¯ ∆∂τ φ¯
∆ dydτ +
∫ T
0
∫ 1
0
s˙
s
y¯∆∂yV
∆φ¯∆ dydτ
+
∫ T
0
∫ 1
0
1
s2
∂yV
∆∂y(aφ)
∆ dydτ =
∫ T
0
∫ 1
0
f¯∆φ¯∆ dydτ.
'39 8 
)
Â4¼Dg¾àn#	,yp~pw¾àn¼§kmzonp
∫ T
0
∫ 1
0
∣∣V ∆ − V¯ ∆∣∣ dydτ = 1
2
|∆y|
∫ T
0
∫ 1
0
∣∣∂yV ∆∣∣ dydτ ≤ C |∆y| → 0, '39 8;8
)
À 
åpqkmkÒz 9ã Ł 
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1¼§{Ãqp
V ∆ → V ¼§{ L2((0, T ) × (0, 1)) 	 V ∆ → V zŁ pl×¼D{ (0, T ) × (0, 1) ' ¾pqp

åpqkmkÒz.9 · ") zo{â
∣∣V ∆∣∣ ≤ C <∞ 'ÆÞgjilk 
6pqkmkÒz 9 · )H	Łzo{â ¾¼D{Ãqp φ ¼´¾ ¾k1iiln ¹ 	
¼DnÆÞilÅ§ÅDi ¾yÆÞgjilk ' 9 8;8 )&3Àä¼D{½li
¼D{Łvçn
¹
p
6p+:pw¾vlÄp«n
¹
pqi<gpwk 	C'
$
 · 
)H	n
¹
zon 
−
∫ T
0
∫ 1
0
V¯ ∆∂τ φ¯
∆ dydτ −→
∆→0
−
∫ T
0
∫ 1
0
V ∂τφ dydτ.
'39§wl )
Âgi<k ' 9ã  8
)O)p­i
·njzl¼D{C	Łz<¾¼D{ 
åpqkmkÒz 9ã Ł  	3n
¹
zon∫ T
0
∫ Q
0
(
∂yV
∆
)2
dydτ ≤ K(Q) ÆÞilg Q < 1. ' 9§w%)
A
¹
¼´¾)¼D{änÄŁgj{ä¼§kmáŁÅD¼§pw¾én
¹
p«p+G¼´¾ànpq{ãÃp»ilÆåz ¾Ä,¾p3ÄŁpw{Ãp«ioÆ {V ∆} ÆÞilg& ¹ ¼´Ã ¹ ∂yV ∆ ⇀
χ
¼§{
L2(I × (0, Q)) ' )psz" Ãi<{3½<pqgjvlpw{Ãp ) ' ¾pqp
$
áŁá:pq{ãâ·¼JG 	 
åpqkmkÒz
$
 Ł 9 ) Âgi<k
n
¹
p­¼§âŁpq{3n¼DnÁÀ ∫ T
0
∫ 1
0
V ∆∂yv dydτ = −
∫ T
0
∫ 1
0
∂yV
∆v dydτ,
¼Dn
¹
v ∈ C∞0 (QT )
zl{â¡ÆÞgjilkn
¹
pÃqil{½lpwgv<pq{Ãqpw¾∫ T
0
∫ 1
0
V ∆∂yv dydτ −→
∆→0
∫ T
0
∫ 1
0
V ∂yv dydτ,∫ T
0
∫ 1
0
∂yV
∆v dydτ −→
∆→0
∫ T
0
∫ 1
0
χ v dydτ,
yp(ﬃ{â³n
¹
zon ∫ T
0
∫ 1
0
V ∂yv dydτ =
∫ T
0
∫ 1
0
χ v dydτ ∀v ∈ C∞0 (QT ).
ﬀ»pq{Ãqp	
χ = ∂yV ∈ L2(I×(0, Q))

¼D{1n
¹
pD)psz"¾pq{¾pl/;©p Ãqzo{mzl¾j¾ÄŁkmp='
φ
¼´¾/ﬃ,G·pwâ*)
n
¹
zn
suppy φ ≤ Q < 1
	n
¹
pqgjpÆÞi<gp
∫ T
0
∫ 1
0
s˙
s
y¯∆∂yV
∆φ¯∆ dydτ −→
∆→0
∫ T
0
∫ 1
0
s˙
s
y∂yV φ dydτ,
'39§w<
)


	
		" #	

	0  !8,
(V¯ ∆, ∂τ φ¯
∆) = (V¯ ∆, ∂τ φ¯
∆ − ∂τ φ) + (V¯
∆ − V ∆, ∂τ φ) + (V
∆, ∂τ φ)
≤ ||V¯ ∆||L2 ||∂τ φ¯
∆ − ∂τ φ||L2 + ||V¯
∆ − V ∆||L1 ||∂τφ||L∞ + (V
∆, ∂τ φ).

"  

  -,!ﬀﬂ	ﬀﬂ "(%	
0 	

 	  #"		#
φ
#"(  	ﬃ"(&ﬀﬂ
	

40  0

*ﬀﬂ#
"	7%ﬀ)8, !7 ﬃ)#"!#		  

  "(ﬀ%'
",)$ﬀ# 	
$"/0#
ﬃ 
V ∆ →
V
%0 0
- #"( !
|V ∆| ≤ g
- ﬀﬂ
g

	6#" 
",)$ﬀ
	

&"%ﬃ
".0 	-ﬀ 
	
)	$ﬁ 	6%)ﬀﬂ 
	
ﬂﬃ

ﬃ)
	

0
 
ﬀ&7 ﬀﬂ 
y ∈ (0, Q)
0!# ! 
y "

",$ﬀ#
	#ﬀ "
(0, 1)
(ﬃ%   ﬃ!#ﬃ 
	#ﬃ$ ﬀ #
v
0
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¾¼D{Ãqp s˙
s y¯
∆φ¯∆ → s˙syφ
¼§{
L2(QT )
'¾Ánjgi<{ŁvlÅ§À,)
1¼§km¼DÅ´zogjÅDÀ
	
∫ T
0
∫ 1
0
1
s2
∂yV
∆∂y(aφ)
∆ dydτ −→
∆→0
∫ T
0
∫ 1
0
1
s2
∂yV ∂y(aφ) dydτ,
' 9ãDsl
)
¾¼D{Ãqp
∂y(aφ)
∆ → ∂y(aφ) ¼§{ L2(QT ) '¾Ánjgi<{ŁvlÅ§À,) ÂŁÄŁgn ¹ pwgkmi<gp
	D)p ¹ zª½lp n ¹ zn
f¯∆φ¯∆ → −fφ 	Łâ·ÄŁp~njiçn ¹ p~Æ zlÃnn ¹ zon fi = −f(yis(T − τ), T − τ) 
A4z"¼D{v)n
¹
phÅ§¼Dkm¼Dn |∆y| → 0 ¼D{ﬁ'39 8 
)@zl{â~zoáŁáÅDÀ¼§{Łv' 9ãDsl
) N5'39§w<
) 	 yphÃi<{ÃÅ§Äâ·p
n
¹
zn
V ≡ ψI ¾zon¼´¾ﬃps¾=' 9 o )
 i 	ãk ÄŁÅDn¼§áŁÅ§À ' 9 93
)EÀ
φi∆y
zo{â ¾ÄŁkÆÞilg
i = 1, . . . ,M
 «ÄŁpnji¡n
¹
p áŁgjilá N
pqgn¼§pw¾ ioÆ4n
¹
p­gjpqv<ÄŁÅ§zlg¼ 7wzon¼§il{¡ilÆ
a
' ¾pqp ' 9ã 8;9 )ﬂ) 	,yp
¹
zª½lpn
¹
zn
ai = 0
ÆÞilg
i ≤ L P;©p
Ãqzl{'z<¾¾ÄŁkmpn
¹
zn
suppy φ ≤ Q = L∆y < 1
ãpsÃqzoÄã¾àp
φ
¹
zl¾~ÃqilkmázlÃn¾ÄŁáŁá:ilgnw Tn
ÆÞilÅ§Å§i ¾ n
¹
znn
¹
pmÃi<{3ngj¼IŁÄŁn¼§il{ gjpw¾ÄŁÅDn¼§{Łv¡ÆÞgjilkn
¹
p n
¹
¼Dgâ njpqgjk ioÆM'39 93) ¼§¾
0
=A
¹
p
zogjvlÄk1pw{3nhÄ¾àpsâçÆÞilg
∂yV
∆ Ãqzl{Ł{Łion :pgjpqá:pwznjpwâçÆÞilg ∂yW
∆ 	
ãpsÃqzoÄã¾àpDypil{ŁÅ§À ági½<pwâ
n
¹
zn
∂yW
∆ ∈ L1 	×zl{â L1 ¼´¾­{Łion­gjp p+G·¼D½<plﬁAåi n ¹ ¼´¾~pq{â ypÒáŁgi·Ãqpqpwâ©zl¾ÆÞi<ÅDÅ§i ¾w
«ÄŁp~ni
M−1∑
i=1
yiδWi+1φi∆y = yM−1φM−1WM − y0φ0W1 −
M−1∑
i=1
Wiδ(φiyi)∆y,
'39§w 9 )
ypi
·njzl¼D{
M−1∑
i=1
W˙iφi∆y +
M−1∑
i=1
s˙
L− sWiδ(φiyi)∆y =
M−1∑
i=1
f∗i φi∆y,
'39§w<
)

¹
pwgpEypyÄã¾àpsâ
φM−1 = 0
zo{â
y0 = 0
'3 ilnpn
¹
znh¼§{mvlpq{pqgzoÅ
W1 6= 0 ):¢{3njpqvlgznj¼D{v
i½lpwg
τ
zl{â}áãpwgàÆÞi<gkm¼§{Łvç¼§{3npwvlgzn¼§il{À¡ázlgàn¾À3¼§pqÅ´â
−
∫ T
0
∫ 1
0
W¯∆∂τ φ¯
∆ dydτ +
∫ T
0
∫ 1
0
s˙
L− sW¯
∆∂y(φy)
∆ dydτ
=
∫ T
0
∫ 1
0
f¯∆φ¯∆ dydτ.
' 9ãDsl )
;©py{i njzlp)n
¹
pÅ§¼Dkm¼Dn |∆y| → 0 zo{âçÄ¾p W∆ →W ¼§{ L1(I×(0, Q)) ' ¾pqp 
6pqkmkÒz
9 · »zo{â 
6pqkmkÒz'9 · )4tpqáÅ§z<Ã¼§{Łv
V ∆
zo{â
V¯ ∆
À
W∆
zl{â
W¯∆
¼§{çn
¹
ppw¾àn¼§kÒznjp
' 9ã 8 8
)«vl¼§½lps¾
W¯∆ → W ¼§{ L1(I × (0, Q))  A ¹ p¡¾àkmiion ¹ {Łps¾¾~ilÆ φ njilv<pn ¹ pqg ¼Dn ¹
' 9ãDsl )é¼§kmáŁÅ§¼Dps¾yn
¹
p­¼´â·pq{3nj¼¿nÁÀ ' 9 · )PA
¹
Ä¾#	
W ≡ ψII(y, τ) 
	#6 
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TngjpqkÒzo¼§{¾~nji áŁgji½lp1n
¹
pﬁ:ilÄ{â·pwâŁ{Łpw¾j¾ilÆ)n
¹
pÒnilnjzlÅh½zogj¼§zon¼§il{©ioÆ
ψI
zo{â
ψII

f£zl¾j¾¼D{Łv1njiçn
¹
p­kmi·â·ÄŁÅ§Ä¾ zo{ãâä¼§{3npqv<gjzon¼§{Łvçn
¹
p­p <ÄãzoÅ§¼¿nÁÀ
V ∆(y + , τ)− V ∆(y, τ) = 
∫ 1
0
∂yV
∆(y + r, τ) dr, 0 < y < 1− . '39§w<)
i½<pqg
(t, y) ∈ (0, T )× (0, 1− ) v<¼D½<pw¾∫ T
0
∫ 1−
0
∣∣V ∆(y + , τ)− V ∆(y, τ)∣∣ ≤  ∫ 1
0
∫ T
0
∫ 1
0
∣∣∂yV ∆(y, τ)∣∣ dydτdr ≤ C.
'39§w 
)
1¼§km¼DÅ´zogjÅ§À	
∫ T
0
∫ 1−
0
∣∣W∆(y + , τ)−W∆(y, τ)∣∣ ≤  ∫ 1
0
∫ T
0
∫ 1
0
∣∣∂yW∆(y, τ)∣∣ dydτdr ≤ C.
'39§w 8
)
;©p¡Å§pn |∆y| → 0 ¼D{ '39§w  ) N ' 9ãDs;8
)ﬁK)À°n ¹ päáãi<¼D{3n¼´¾àp¡Ãqil{½lpwgv<pq{Ãqpw¾ V ∆ → V
zl{â
W∆ →W zl{â3À¡n ¹ p
åp+:pw¾vlÄŁpn ¹ pqilgjpqk 	·¼DnÆÞilÅ§ÅDi ¾yn ¹ zn
lim
→0
sup
1

∫ T
0
∫ 1−
0
|V (y + , τ)− V (y, τ)| dydτ < C <∞, '39§lw )
zl{â³zÒ¾¼§k1¼§Å´zoggps¾àÄÅ¿nÆÞi<g
W

 ³É3ÎÏË·Ì 
  -   6  
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	  

  	  

 )ÞŁq ¥o~;¦¦åj± ¶ oŁ­jo:q3¡¶· q¶@­¥:m ÒsÞ
@)Á)ÞŁéq¦W¶·; 
ψII
 çéq¨ªq 6ÞŁéq¦W¶·; 
ψI
´ 	Á¥@¦D¥ª    o¦Dlqyo;¶¶
o
y ∈ (0, Q)  L2(0, T )  @´´ ¥äqq¶q:çà ∂yψI ∈ L2((0, T )× (0, Q)) ²
¤ Ò h¥o¶j   @ é¥ m:¶¥o¦W  é¥¨
|ψI (y1, τ)− ψI(y2, τ)| ≤
∣∣∣∣∫ y2
y1
∂yψI(ξ, τ) dξ
∣∣∣∣
≤ |y1 − y2|1/2
(∫ y2
y1
|∂yψI(ξ, τ)|2 dξ
)1/2
,
¥o:ç@ 
∫ T
0
|ψI(y1, τ) − ψI(y2, τ)|2 dτ ≤ |y1 − y2|
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¹
pypqÅ§Å1fhgji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¹
¼§¾çkmpn
¹
iâ ÆÞilgjk n
¹
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Ãqzl{ä¾Ánj¼DÅ§Å ãpÄ¾pwâ 	 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pyn)iÅD¼§{Łps¾+	lzoÆnpwgP
¹
¼§Ã
¹
z»ngzlÃpwg£Ãqzo{ãp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¹
pÃil{ãÃpq{,N
njgjzon¼§il{
C(1)(t)
¼D{³n
¹
p­pHGngzlÃn¼§il{)pwÅDÅ6â·pwáãpw{â·¼§{ŁvÒil{³n
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C(1)p (t) =
∫
δBr1 (−d,0)
θ0h  Cp(x, y, t)(n · v) ds∫
δBr1 (−d,0)
θ0h  (n · v) ds
=
∫
δBr1 (−d,0)
Cp(x, y, t)(n · ∇Φ) ds∫
δBr1 (−d,0)
(n · ∇Φ) ds
'ŁD )
=
∫ pi
0
2(cosh v(1)−cos u)
δ Cp(u, v
(1), t)(∂vΦ˜(v))
√
(x′(u))2 + (y′(u))2du∫ pi
0
2(cosh v(1)−cos u)
δ (∂vΦ˜(v))
√
(x′(u))2 + (y′(u))2du
=
1
pi
∫ pi
0
Cp(u, v
(1), t)du.
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i=1
(C(1)p (ti)− Cˆ(1)(ti))2,
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¼§¾én
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¹
p 
6pw½lpq{ :pqgjv"N . zog 3Äzogânyk1pqn
¹
i·â ¼´¾ ¼Dnj¾»gi
ŁÄ¾àn{Łps¾¾w
ﬀ»i)pw½lpqg%	n
¹
p {ÄŁkmpqgj¼§ÃwzoÅåâŁpnpwgkm¼§{znj¼Di<{ ioÆ>n
¹
p6<z<Ãi¼§zl{}Ãwzo{
¹
zª½<pz
¹
pwzª½Àäág¼´Ãp
	
ps¾àá:pwÃq¼§zlÅDÅ§À
¹
pw{©n
¹
p¡¾ilÅ§Ä·n¼§il{®ilÆ)n
¹
p¡â·¼§gpsÃnáŁgjiŁÅ§pqk ¼§¾pqÅ´z":ilgznp
	åzo{ãâ°n
¹
pqgjpÒzogjp
kÒzo{ÀÒázlgjzlkmpnpwgj¾w>ÂŁilgpw½lpwgÀmázlgjzlk1pqnpwg
pi
	Łzl{³p+G3njgjz1â·¼§gpsÃngjÄŁ{¼Dn
¹
pi + ∆pi
¼´¾
{Łpwpwâ·psâ³nimi·nzo¼§{
(Jk)ij

    ﬁ$
 
"
   

 " ﬃ "$

  " 



$
¾~k1pw{3n¼§il{Łpsâ:pÆÞi<gp
	 n
¹
pÒz<â Áil¼§{3n~p 3Äznj¼Di<{°kmpn
¹
i·â©âŁpnpwgkm¼§{Łpw¾«n
¹
pÒvlgzlâ·¼§pq{3nioÆ
n
¹
pÃi3¾ÁnÆÞÄŁ{Ãn¼§il{zlÅ6¼§{³njpqgjkÒ¾ioÆ4n
¹
p­ázlgjzlkmpnpwgj¾wPA
¹
¼´¾vlgzlâ·¼§pq{3n Ãqzl{än
¹
pq{ :p­Ä¾àpsâ
¼§{Øzo{®¼Dnpqgznj¼Di<{zl¾pwâ®kmpn
¹
i·â zl¾~ÆÞi<gpHGŁzlk1áÅDp¡Ãqil{ÁÄŁv3znjpÒvlgzlâ·¼§pq{3nkmpn
¹
i·âŁ¾+	>«p
KygjiÀâŁpq{äkmpqn
¹
i·âŁ¾#	ŁpnÃo
ÂilgmilÄŁg¡Ãqil{½lpw{Ł¼§pq{Ãqpyp áŁgjpw¾pq{3nçn
¹
p â·psâ·ÄÃnj¼Di<{!ioÆn
¹
p zlâÁil¼§{<nä¾À·¾Ánjpqk ¼§{*z
¾ÅD¼§v
¹
njÅDÀ Å§pw¾j¾»Ãi<kmáŁÅDp+G ¾àpqnàn¼§{Łvã<;©pçz<¾¾ÄŁkmp
D0 = 0
zl{â
αT = 0
<A
¹
¼´¾¼§¾»ÆÞpwz<¾à¼ ŁÅ§p
z<¾yn
¹
ps¾àpnyi1áãzogzokmpnjpqg¾yzlgp½lpwgÀ¡¾kÒzoÅ§ÅåÃi<kmázogjpwâ¡ni1n
¹
p­iln
¹
pwgázogzokmpqnpqg¾#	zl{â
n
¹
pqgjpÆÞi<gp
¹
zª½lp i<{ŁÅDÀÒz¾kÒzoÅ§Åã¼§{Äpq{Ãqp«i<{mn
¹
p     å%<¾pqgj½lpn
¹
zny¼¿n¼§¾){ŁilnéÆÞpwz<¾à¼ ŁÅ§p
nji â·pnjpqgjk1¼§{Łpmn
¹
pw¾pmn)i ázlgjzlkmpnpwgj¾¼§{®n
¹
pÒp+G·áãpwg¼§kmpq{3nÄ¾pwâ'ni i
·njzl¼D{®¾ài<gáŁn¼§il{
¼´¾àiln
¹
pwgkÒ¾wPA
¹
pqgjpÆÞi<gp
	ln
¹
pqÀ}â·iç{ionáŁÅ´zªÀ¡z gjilÅ§p«¼§{}n
¹
p­Ãqil{¾àngjÄÃnj¼Di<{äilÆ6n
¹
pz<â Áil¼§{3n
¾À·¾Ánjpqk 
Âgi<k 'Ł 3) 	n
¹
p~áŁgjiŁÅ§pqk"njiﬁãp¾ilÅ§½lpsâ¡¼´¾
∂t (C + B(p1, C)) = g(u, v)∂v(2p2λA∂vC)}+ g(u, v)Aγ∂vC,
'Ł  )

¹
pwgp
p1
zlgpn
¹
p­ázogzokmpqnpqg¾y¼D{}n
¹
p­n¼§kmpâ·pqgj¼§½ªzon¼§½lp
	·pl v·ÆÞi<g ÂŁgjpqÄŁ{âŁÅD¼´Ã
¹
(K0, q)
	
zl{â
p2
	p< vã
(αL)
	1zogjp®n
¹
pÏázogzokmpnjpqg¾ ¼D{ n
¹
pÏâ·¼I!@Ä¾à¼§il{ áãzognw ÂŁÄŁgn
¹
pqgjk1i<gp
	
B(p1, C) = %θ0 Ψ(C)
zo{â
g
¼§¾ z {Łi{³ÆÞÄŁ{Ãn¼§il{ â·pqá:pq{ãâ·¼D{vÒil{
u
zo{â
v
r
g =
4λ2
γ3θ0h  (v)
, λ = cosh v − cosu
   ﬁ   
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A
¹
p :ilÄŁ{ãâŁzogjÀäÃi<{â·¼Dn¼§il{¾E:pwÃqilkmp	Ł¾pqpB-
¹
zlá·npwg» 	(
2αLλA
γ
)
∂vC +AC = AC0(t)
il{
Γ1,
'Ł 9 )
∂uC = 0
i<{
Γ2 ∪ Γ4, ∂vC = 0 il{ Γ3. 'Ł 
)
A
¹
p­ázlgjzlkmpnpwgj¾
p = (p1,p2)
k Äã¾ÁnD:p­gpqngj¼Dpw½lpwâÀÒn
¹
p­¼D{½lpwgj¾pk1pqn
¹
i·â 
;©pÃil{ã¾à¼´â·pqgyn
¹
p­áãpw{zoÅDnÁÀ¡ÆÞÄ{Ãnj¼Di<{C	
F(p) =
∫ T
0
(C(1)p (t)− Cˆ(1)(t))2 dt ≈
N∑
i=1
∆ti(C
(1)
p (ti)− Cˆ(1)(ti))2.
'Ł  )
;©p­{Łi
â·psâ·ÄÃqp~n
¹
pÃqilgjgps¾àá:il{âŁ¼D{Łv1Ãi3¾Ánznp~kmpn
¹
i·â 
,
  
+ 0
	
'ﬁﬃﬂ#"

" ﬂ


 	
 <"%

ﬂ )

) ﬂ7(
;©p­áŁgi½<p»n
¹
p~ÆÞilÅ§Å§i¼D{Łvã
 Ö4ÉÑÌÉÎ
   ﬁ   	  
q
C(u, v, t,p)
¤ ÞŁ q¦W¶·; TØ1±:jl¤q¦D  	  

  	   
×Łq B ´ç¥¡ msÞ­¶·@;  t ∈ (0, T ) ¥@ F ´ l h@j}¤  	        q ψ(x, τ)
¤ÞŁq¦W¶·; ®Á~ÞŁ)¦¦D £3 ã¨ªq oào ¶  q¶¥; 
(1 + B′(p1, C(u, v, T − τ))) ∂τψ(u, v, τ)− ∂v2λAp2∂v(g(u, v)ψ(u, v, τ))
+Aγ∂v(g(u, v)ψ(u, v, τ)) = 0,
'Ł )
×Łq B′ = dB(p,s)ds

p = (p1, p2)
¥:
p2 = αL
»¥¦§3 £'ÞŁä¤jo¶·:<¥  :o 
; Ł
∂v(gψ) = 0,

Γ1,
'Ł  )
∂uψ = 0
)¥¦§3
Γ2
¥@
Γ4
 'Ł 8 )
2λAp2∂v(gψ)−gAγψ = 1
pi2
∫ pi
0
(
2
(
C(u, v, T − τ)− Cˆ(1)(T − τ)
))
du,
';·§w )

Γ3
hTj<qÞŁq £ ã ¥o¦×@; 
ψ(u, v, 0) = 0, (u, v) ∈ [u(1), u(2)]× [v(1), v(2)]. ';·§l )
@Łq yo:~Ł¥
∇pF =
(
−
∫ T
0
∫
Ω
∂tψ∇p1B dV dt−
∫
Ω
∇p1B(0)ψ(0) dV,∫ T
0
∫
Ω
2λA(∂vC)∂v(g(u, v)ψ) dV dt
)
,
';·§s
)
	 
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×
ψ(u, v, t) = ψ(u, v, T − t) 
yjwà 
$
¾ zﬃgj¾àn ¾Ánjpqá yp~âŁpwâ·ÄÃqp~n
¹
p­½zlg¼´znj¼Di<{
δF ioÆ×n ¹ pÃqi<¾ànÆÞÄŁ{Ãnj¼Di<{zoÅ;r
δF = F (p + δp)− F (p)
=
∫ T
0
[
(C
(1)
p+δp(t)− Cˆ(1)(t))2 − (C(1)p (t)− Cˆ(1)(t))2
]
dt
=
∫ T
0
[
C
(1)
p+δp
2
(t)− C(1)p
2
(t)− 2Cˆ(1)(t)
(
C
(1)
p+δp − C(1)p (t)
)]
dt
=
∫ T
0
(
C
(1)
p+δp(t)− C(1)p (t)
)(
C
(1)
p+δp + C
(1)
p (t)− 2Cˆ(1)(t)
)
dt
=
∫ T
0
[
1
pi
∫ pi
0
δCp(u, v
(1)) du
][
1
pi
∫ pi
0
(
δCp(u, v
(1))+
2
(
Cp(u, v
(1))− Cˆ(1)(t)
))
du
]
dt.
ﬀ»pqgjp	L)p
¹
zª½lpÒilkm¼Dnànjpwâ®n
¹
znmzoÅ§ÅéÃi<{Ãpw{<njgjzon¼§il{¾ â·pqá:pq{âØil{
t
 «gi<áŁáŁ¼§{Łv
¹
¼§v
¹
pwg
i<gjâ·pwgynpqgjkÒ¾+	 )p
¹
zª½<p
δF =
∫ T
0
∫ pi
0
K(t)δCp(u, v
(1), t) dudt,
';·§w )
ÄŁá}njiﬃãgj¾àn ilgâ·pqg%	 
¹
pqgjp
K(t) =
1
pi2
∫ pi
0
(
2
(
Cp(u, v
(1), t)− Cˆ(1)(t)
))
du.
¢{ n
¹
p {ŁpHGnä¾ànpqá n
¹
p p3Äzon¼§il{ ¼D{!½zogj¼´zn¼§il{ã¾m¼§¾ÒÄã¾àpsâØnji pqÅ§¼Dkm¼§{znjp
δC
ÆÞgjilk
';·§w
)«Â4¼§gj¾àn«{Łilnp n
¹
zon»n
¹
pç¾ilÅ§Ä·n¼§il{°Ãqilgjgps¾àá:il{ãâ·¼D{vmni¡n
¹
p áãzogzokmpnjpqg¾
p + δp
¼§¾
C + δC
zo{â³¾zon¼´¾ﬃps¾='· 
) N5';·§w )P1Ä,¾àngzlÃnyp <Äãzn¼§il{8'· 
)hÆÞilg
C + δC
ÆÞgjilk n
¹
p
p <Äãzn¼§il{³ÆÞilg
C
hº«¾à¼§{Łv
B(p1 + δp1, C + δC) = B(p1, C) + B′(p1, C)δC +∇p1B · δp1 + H.O.T,

¹
pwgp B′ = ∂B∂C
	Łzo{â}{ŁpwvlÅ§pwÃnj¼D{v
¹
¼Dv
¹
pqgi<gjâ·pwgynpqgjkÒ¾+	 yp­zogjg¼§½lp~zn
∂t {δC + B′(p1, C)δC +∇p1B · δp1} = g(u, v)∂v (2λA [δp2∂vC + p2∂vδC])
+ g(u, v)Aγ∂vδC,
';·§ 9 )
   ﬁ   
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¼Dn
¹
ãi<ÄŁ{âŁzlgÀ³Ãil{ãâ·¼¿nj¼Di<{¾
2λA
γ
[p2∂vδC + δp2∂vC] +AδC = 0
i<{
Γ1
	
∂νδC = 0
	·pwÅ§¾p+
¹
pwgp
	 'ŁDª)
zo{ãâ³¼§{Ł¼Dn¼´zoÅ6Ãqil{â·¼Dn¼§il{
δC(u, v, 0) = 0.
'ŁDs
)
Ç ::';·§ 9 ) N '·§w )éÃqil{¾àn¼DnÄŁnpÒÞŁ±:<¤¦D ﬀ°¨¥ ¥o oŁ&;©p­k ÄÅ¿nj¼DáŁÅ§À8';·§ 9 )OÀ}z
¾k1iiln
¹
ÆÞÄŁ{Ãnj¼Di<{
ψ(u, v, t)
	·ni:p¾àá:pwÃq¼JﬃpsâQ:pqÅ§i 	Łzo{ãâä¼§{3npqv<gjzonp~i½lpwg
Ω× (0, T ) 
¢{3npwvlgzn¼§il{Àäázlgàn¾)v<¼D½<pw¾
∫
Ω
ψ (δC + B′(p1, C)δC +∇p1B · δp1)
∣∣∣∣T
0
dV
−
∫ T
0
∫
Ω
(∂tψ) [δC + B′(p1, C)δC +∇p1B · δp1] dV dt
= −
∫ T
0
∫
Ω
2λA [δp2∂vC + p2∂vδC] ∂v(g(u, v)ψ) dV dt
+
∫ T
0
∫ pi
0
g(u, v)2λA [δp2∂vC + p2∂vδC]ψ
∣∣∣∣∣
v(2)
v(1)
dudt
−
∫ T
0
∫
Ω
AγδC∂v(g(u, v)ψ) dV dt+
∫ T
0
∫ pi
0
g(u, v)ψAγδC
∣∣∣∣∣
v(2)
v(1)
dudt.
;©p¡áãpwgàÆÞi<gk ¼D{3npwvlgznj¼Di<{À°ázlgàn¾~il{©n
¹
pmnpqgjk n
¹
zn Ãqil{3njzl¼D{ã¾
∂vδC
 ;©pÒ¼§{3½<i<p
n
¹
pK>- zo{â ﬂ-«@ÂŁÄgàn
¹
pqgjkmilgjp	 ypgjpw¾àngj¼§Ãn n
¹
pçzoÄ,G¼§Å§¼§zlgÀäÆÞÄŁ{Ãnj¼Di<{
ψ(u, v, t)
¾iäzl¾
niÒi
ãpwÀÒn
¹
pÃil{ãâ·¼¿nj¼Di<{
ψ(u, v, T ) = 0.
	ﬂ
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A
¹
¼´¾Å§pwz<âŁ¾yni∫ T
0
∫
Ω
δC∂tψ (1 + B′(p1, C)) dV dt+
∫ T
0
∫
Ω
∂tψ∇p1B dV dt · δp1
+
∫
Ω
∇p1B(0)ψ(0) dV · δp1 −
∫ T
0
∫
Ω
2λA(∂vC)∂v(g(u, v)ψ) dV dt δp2
+
∫ T
0
∫
Ω
δC [∂v2λAp2∂v(g(u, v)ψ)] dV dt
';·§ ")
−
∫ T
0
∫ pi
0
δC2λAp2∂v(g(u, v)ψ)
∣∣∣∣∣
v(2)
v(1)
dudt
+
∫ T
0
∫ pi
0
g(u, v)γA(−δC)ψ
∣∣∣∣∣
v=v(2)
dudt
−
∫ T
0
∫
Ω
δC∂v(g(u, v)ψ)Aγ dV dt+
∫ T
0
∫ pi
0
δCg(u, v)ψAγ
∣∣∣∣∣
v(2)
v(1)
dudt = 0.
KyÀäÃ
¹
ii3¾à¼§{ŁvmzoáŁáŁgjilág¼´znjpÃqil{¾àngzo¼§{3nj¾yil{³n
¹
p~ÆÞÄ{Ãnj¼Di<{
ψ
n
¹
¼´¾Ãqzo{:p~ÆÞÄŁgàn
¹
pqg«¾à¼§k N
áŁÅ§¼Iﬃpwâ P¢{ãâ·pqpsâ 	Ł¼DÆ
ψ
¼´¾ynjzlpq{ ¾içn
¹
zn ¼Dn»¾jzn¼´¾ ﬃpw¾
(1 + B′(p1, C)) ∂tψ + ∂v2λAp2∂v(g(u, v)ψ)− ∂v(g(u, v)ψ)Aγ = 0,
'ŁD 
)
njilvlpqn
¹
pwgD¼¿n
¹
n
¹
p :ilÄŁ{ãâŁzogjÀ¡Ãi<{â·¼Dn¼§il{6r
∂v(g(u, v
(2))ψ) = 0,
il{
Γ1
'·§ 8 )
n
¹
pq{ 'ŁD ")y¾¼DkmáŁÅ§¼Jﬃãpw¾yni
∫ T
0
∫
Ω
∂tψ∇p1B dV dt · δp1 +
∫
Ω
∇p1B(0)ψ(0) dV · δp1
−
∫ T
0
∫
Ω
2λA(∂vC)∂v(g(u, v)ψ) dV dt δp2
'· o )
+
∫ T
0
∫ pi
0
δC(u, v(1), t)
[
2λAp2∂v(g(u, v
(1))ψ)− g(u, v(1))Aγψ
]
dudt = 0.
-)i<k1áãzogj¼D{Łv³n
¹
¼§¾­p 3Äznj¼Di<{8¼Dn
¹
'ŁDs
)H	 ypm¾pqp1n
¹
zn­n
¹
pÒÅ§z<¾Án­¼§{3npqv<gjzlÅ£¼§¾~p 3ÄzoÅ£nji
δF 	·¼¿Æ>zçÅ´zl¾ànEãi<ÄŁ{âŁzlgÀ¡Ãqil{â·¼Dn¼§il{³¼§¾¼§kmáãi3¾àpsâäi<{ ψ il{än ¹ p~i<Ä·n i ãi<ÄŁ{âŁzlgÀ
	3½¼ 7l[
2λAp2∂v(g(u, v
(1))ψ)− g(u, v(1))Aγψ(u, v(1), t)
]
= K(t)
i<{
Γ3
'· · )
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
¹
pwgp
K(t) =
1
pi2
∫ pi
0
(
2
(
Cp(u, v
(1), t)− Cˆ(1)(t)
))
du.
-)il{ã¾àp <Äpq{3nÅ§À	<n
¹
p<ãi<ÄŁ{âŁzlgÀmÃi<{â·¼Dn¼§il{¡i<{
Γ3
¼§¾)¼§{â·pqá:pq{ãâ·pq{3nil{
u
 »ionjp n
¹
zn)Äá
ni1{Łi yp
¹
zª½lp«{Łi K>- i<{
Γ2
zl{â
Γ4
 A
¹
¼´¾ yz<¾hnji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0 < x < L
%«{³z<ÃqÃqilÄŁ{3n)ilÆ6n
¹
¼§¾Ãqi<¾¼D{ŁpÂŁi<ÄŁg¼§pqg¾pqgj¼Dps¾ép+Gáãzo{¾¼Di<{äilÆ
f
	 )pkÒzªÀ1i
 N
njzl¼D{¡n
¹
p~Ãip¡Ãq¼Dpw{<n¾
η2,m
¼D{¡npqgjkÒ¾éilÆ
η1,m
	
m ∈ N  -)i<{¾p3ÄŁpq{3njÅDÀ
	ln ¹ p»p+Gágps¾¾¼Di<{
' Ds
) gjpwâ·ÄÃqpw¾ynji
h(x, z) =
D0
2
+
∞∑
m=1
Dm cos(
mpix
L
)eλ
−
m(z+T ) +
{
η2,0T (1 +
z
T )
−η2,0edT (1− e−d(z+T ))
}
+
∞∑
m=1
η1,m cos(
mpix
L
)
[
eλ
+
mz − e(λ−m−λ+m)T eλ−mz
]
'Ł§ 9 )

¹
pwgp
Dm =
2
L
∫ L
0
f(t) cos
mpit
L
dt
	
m ∈ N  'Ł§s)
A
¹
p~pHG·áŁgjpw¾j¾¼Di<{¾=' Ł§s
)yzo{â ' D 9 )yÃqzl{:pÃi<kBŁ¼§{Łpwâ³¼§{<nji¡zm¾à¼§{ŁvlÅ§p~il{Łp
	·½¼I7
h(x, z) =
D0
2
+
∞∑
m=1
Dm cos(
mpix
L
)eλ
−
m(z+T ) +
{
β0(1 + a0
z
T )
β0(1− a0e−d(z+T ))
}
+
∞∑
m=1
βm cos(
mpix
L
)
[
eλ
+
mz − ame(λ−m−λ+m)T eλ−mz
]
.
'Ł§w )
ﬀ pwgp
	
βm
	 '
m ∈ N )H	3zlgp«zogŁ¼¿njgjzlgÀ1Ãi<{¾Ánzo{3nj¾w/¢{Òn ¹ pÃqz<¾àp ilÆ n ¹ p(K>- ' Ł ")hil{Łp ¹ zl¾
a0 = 0, am =
λ+m
λ−m
,
'
m ∈ N0 )H	 Dm = 0, ' m ∈ N ) .
¢{}n
¹
pÃwzl¾p~ioÆån
¹
pK>- 'Ł 
) il{p«nz"<pw¾
am = 1,
'
m ∈ N )H	zo{ãâ Dm vl¼§½lpq{À' Dª)
A
¹
pmÃip¡Ãq¼Dpw{<n¾
βm
	P'
m ∈ N )H	 k Ä¾àn<:p1âŁpnpwgkm¼§{ŁpwâÀ}¼§kmáãi3¾à¼§{Łvän ¹ p1gpwkÒzo¼§{Ł¼D{v
- 	 
çÖ×ËŁÊ×ÍsÉ<Ì
  
Ü Ê×ÌËŁÚlÍwÙ Ú<ËŁÛ ãÌªÑﬃ4Ð Ë·ÍsÉ<Ì 4Ñ Ê4ÌÑﬀ4>Û ÉÎ
K>-@'Ł 
)H	Ł¼ pl
−
[
ax
L
+ V sin(
2pinx
L
)
]
− D0
2
−
∞∑
m=1
Dm cos(
mpix
L
)eλ
−
m(T−[ axL +V sin(
2pinx
L )])
=
{
β0(1 + a0
−[ axL +V sin(
2pinx
L )]
T )
β0(1− a0e−d(T−[axL +V sin( 2pinxL )]))
}
+
∞∑
m=1
βm cos(
mpix
L
)
{
exp
[
−λ+m
{
ax
L
+ V sin(
2pinx
L
)
}]
' Ł§ )
−ame(λ−m−λ+m)T exp
[
−λ−m
{
ax
L
+ V sin(
2pinx
L
)
}]}
	
0 < x < L

A
¹
¼´¾ Ãqil{â·¼Dn¼§il{}¼´¾kmz<â·p­{Łi<{ NTâŁ¼Dkmpq{ã¾à¼§il{zlÅ3À³¾àpqnàn¼§{Łv
y = x/L, αm = βm/L, σ
±
m = λ
±
mL, D˜m = Dm/L,
'
m ∈ N )
zl{â
a˜ = a/L, V˜ = V/L, T˜ = T/L.
¢{3ngji·â·ÄÃq¼D{Łv
K(y) = a˜y + V˜ sin(2piny)
ÆÞilg
0 < y < 1
	 yp­vlpqnÆÞgi<k ' D ")én
¹
zon
−K(y)− D˜0
2
−
∞∑
m=1
D˜m cos(mpiy)e
σ−mT˜ e−σ
−
mK(y)
=
{
α0(1 + a0
−K(y)
T˜
)
α0(1− a0e−dT˜LedLK(y))
}
' Ł§ )
+
∞∑
m=1
αm cos(mpiy)
[
e−σ
+
mK(y) − ame(σ−m−σ+m)T˜ e−σ−mK(y)
]
«pHﬃ{p
uk(y) =
{
1 + a0
−K(y)
T˜
, d = 0
	
k = 0
cos(kpiy)
[
e−σ
+
k K(y) − ake(σ−k −σ+k )T˜ e−σ−k K(y)
]
,
iln
¹
pwgﬂ¼´¾p
.
A
¹
pw{C	Ãqil{â·¼Dn¼§il{' D 
)yÃqzl{:p­gjp+gj¼¿nnpq{}¼§{³n
¹
p~ÆÞilgjk
−K(y)− D˜0
2
−
∞∑
m=1
D˜m cos(mpiy)e
σ−mT˜ e−σ
−
mK(y) =
∞∑
m=0
αmum(y),
'Ł§ 8 )
  $ 
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- 	5	

¹
pwgp
0 < y < 1
	4ÆÞgi<k 
¹
¼§Ã
¹
n
¹
pägjpqkÒzl¼D{Ł¼§{Łv°Ãqip¡Ã¼§pq{3nj¾
αm
	>'
m ∈ N ) 	hkçÄ¾Án
:pçâ·pqnpqgjkm¼D{pwâ D. ÄŁÅDn¼§áŁÅ§À¼D{Łvãiln
¹
¾¼§âŁpw¾ ilÆ>' Ł§ 8 ) À
uk(y)
zl{â}¼D{3npwvlgznj¼D{Łvﬁ¼Dn
¹
gjpw¾áãpsÃnni
y
i½<pqg
(0, 1)
	 )pzlggj¼D½<p«zonn
¹
p~ÆÞi<gkÒzoÅ@¼§{ ﬃ{Ł¼Dnpç¾àÀ·¾ànpqk ioÆ×p 3Äznj¼Di<{¾
∞∑
m=0
bkmαm = ck, k ∈ N, 'Ł o
)
¼Dn
¹
bkm =
∫ 1
0
uk(y)um(y) dy.
'  Ł%)
ck = −
∫ 1
0
uk(y)K(y) dy − D˜0
2
∫ 1
0
uk(y) dy
'  <)
−D˜m
∞∑
m=1
∫ 1
0
uk(y) cos(mpiy)e
σ−mT˜ e−σ
−
mK(y) dy
A
¹
p1¼D{,ﬃ{Ł¼Dnp1kmzongj¼JG 
= [bkm]k,m=0,1,2,...
¼§¾»n
¹
p
¸
gzokmk kÒzngj¼IG ilÆ£n
¹
pÒ¾pn {uk :
k ∈ N} 
A
¹
pÒ¼§{3npqv<gjzlÅ§¾ﬁ'Ł · )«zl{â '  <)~Ãqzl{ãp¡pw½zoÅ§Äznjpwâ!¥:¥o¦; j¥o¦¦?A×i n
¹
¼´¾­pq{ãâ
ypgjpwÃwzoÅ§Å@n
¹
pâŁpHﬃ{Ł¼Dn¼§il{ ilÆån
¹
p­k1i·â·¼IﬃpsâKyps¾¾pqÅ@ÆÞÄŁ{ãÃn¼§il{ã¾ioÆ×n
¹
pÒs¾Án>¼§{â
Im(x) = (
x
2 )
2
∑∞
k=0(
x
2 )
2k 1
(k!(k+m)!) ,
zo{ãâyp~¼D{½<ilp«n
¹
p­¼§â·pw{3n¼DnÁÀ' ¾pqp  l 
 )
e−p sin θ = I0(p) + 2
∞∑
q−1
I2q(p) cos(2qθ) + 2
∞∑
q=1
I2q−1(p) sin((2q − 1)θ), ' Ł o )
∀θ 	¼D{ ilgâ·pwg)nji¡â·pwzlÅ ¼¿n ¹ e−σ±k K(y) 
;©pPﬃg¾Án6pw½ªzlÅDÄãznpézlÄ G·¼DÅ§¼´zogjÀ ¼D{3njpqvlgzoÅ´¾#	+
¹
¼´Ã
¹
zogjp4n
¹
pw{­Ä¾àpsânip+Gágps¾¾
bkm
zl{â
ck
:;'p)kÒz"lp)¾ài<k1pé{Łionzn¼§il{ãzoÅ<z<¾¾ÄŁkmá·nj¼Di<{¾ ÆÞi<g Łgjpq½¼DnÁÀlC¢{:ion
¹
pHG·áŁgjpw¾j¾¼Di<{¾@n
¹
p ±
¾À3kãi<Å·â·pq{Łilnps¾ån
¹
p¾àÄkÕioÆŁnyi«npqgjkÒ¾+	i<{Łp)ÆÞilg>pwz<Ã
¹
¾à¼§vl{ 	oilg×n
¹
p¾ÄŁkÕilÆŁÆÞilÄŁg4njpqgjkm¾
¼DÆhn
¹
pwgp1zogjp zÒázl¼DgioÆháÅDÄ¾zo{ãâ km¼D{Ä¾¾à¼§vl{ã¾B' ¾pqp   
 )~ÂŁilgpHGŁzlk1áÅDp
	 a±b
(a±b)2+c =
a+b
(a+b)2+c+
a−b
(a−b)2+c
	zo{â ±a±b
(±a±b+c)2 =
a+b
(a+b+c)2 +
a−b
(a−b+c)2 +
−a+b
(−a+b+c)2 +
−a−b
(−a−b+c)2

- 	7-
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  
Ü Ê×ÌËŁÚlÍwÙ Ú<ËŁÛ ãÌªÑﬃ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«{ zlÃwÃilÄ{<nilÆE'Ł o
)Oyp­i·nzo¼§{
T (m, k,A,B) ≡
∫ 1
0
cos(mpiy) cos(kpiy)e−(A+B)K(y) dy
=
1
2
I0(V˜ (A+B))
a˜(A+B)(1− e−a˜(A+B)(−1)k+m)
(m± k)2pi2 + a˜2(A+B)2
' Ł  9 )
+
1
2
∞∑
q=1
(−1)qI2q(V˜ (A+B)) a˜(A+B)(1− e
−a˜(A+B)(−1)k+m)
[(m± k)pi ± 4qnpi]2 + a˜2(A+B)2
+
1
2
∞∑
q=1
(−1)qI2q−1(V˜ (A+B))×
[(2q − 1)2npi ± (m± k)pi] (1− e−a˜(A+B)(−1)k+m)
[(2q − 1)2npi ± (m± k)pi]2 + a˜2(A+B)2 , A+B 6= 0.
1¼§km¼DÅ´zogjÅ§À	C'  l
) Å§pwzlâ¾yni
S(k,A) ≡ −
∫ 1
0
K(y)cos(kpiy)e−AK(y) dy
'Ł l
)
= −a˜I0(V˜ A)
{
−Aa˜ e
−a˜A(−1)k
(a˜A)2 + (kpi)2
+
[
(a˜A)2 − (kpi)2] (1− (−1)ke−a˜A)
[(a˜A)2 + (kpi)2]
2
}
− V˜
2
I0(V˜ A)
(2npi ± kpi) (1− (−1)ke−a˜A)
(2npi ± kpi)2 + (a˜A)2
−a˜
∞∑
q=1
(−1)qI2q(V˜ A)
{
− Aa˜ e
−a˜A(−1)k
(a˜A)2 + (kpi ± 4qnpi)2
+
[
(a˜A)2 − (kpi ± 4qnpi)2] (1− (−1)ke−a˜A)
[(a˜A)2 + (kpi ± 4qnpi)2]2
}
− V˜
2
∞∑
q=1
(−1)qI2q(V˜ A)
[±kpi ± 4qnpi + 2npi] (1− (−1)ke−a˜A)
[±kpi ± 4qnpi + 2npi]2 + (a˜A)2
−a˜
∞∑
q=1
(−1)qI2q−1(V˜ A)
{
− [(2q − 1)2npi ± kpi] e
−a˜A(−1)k
(a˜A)2 + [(2q − 1)2npi ± kpi]2
+
2a˜A [(2q − 1)2npi ± kpi] (1− (−1)ke−a˜A)
[(a˜A)2 + ((2q − 1)2npi ± kpi)2]2
}
  $ 
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− V˜
2
∞∑
q=1
(−1)qI2q−1(V˜ A)
{
a˜A
(
1− (−1)ke−a˜A)
[(2q − 2)2npi ± kpi]2 + (a˜A)2
− a˜A
(
1− (−1)ke−a˜A)
[4qnpi ± kpi]2 + (a˜A)2
}
	
A 6= 0 
 i 	<n
¹
p»pq{3njg¼§pw¾éioÆ n
¹
p
¸
gzokmk kmzongj¼JGmpq{3njpqgj¼D{Łvn
¹
p«¼D{ ﬃã{Ł¼¿njp«Å§¼§{Łpwzlg)¾À¾ànpwk 'Ł o )
Ãqzl{:p gj¼¿nnpq{ z<¾qr
b00 = 1− 2a0eσ
−
0 T˜T (0, 0, 0, σ−0 ) + a0e
2σ−0 T˜T (0, 0, 0, 2σ−0 ),

¹
pq{
d 6= 0 	
b00 = 1− a0
(
a˜
T˜
+ a˜
2
3T˜ 2
+ V˜
2
2T˜ 2
− V˜ a˜
piT˜ 2n
)
,

¹
pw{
d = 0
	
b0k = T (0, k, 0, σ
+
k )− ake(σ
−
k −σ
+
k )T˜T (0, k, 0, σ−k ) +
a0
T˜
S(k, σ+k )
−a0
T˜
e(σ
−
k −σ
+
k )T˜S(k, σ−k ),

¹
pw{
d = 0
	
k 6= 0 	
bkk = −ake(σ
−
k −σ
+
k )T˜ + T (k, k, σ+k , σ
+
k ) + e
−4σ+k T˜T (k, k, σ−k , σ
−
k ),

¹
pw{
d = 0
	
k 6= 0 	
bkm = T (k,m, σ
+
m, σ
+
k )− ame(σ
−
m−σ
+
m)T˜T (k,m, σ−m, σ
+
k )
−ake(σ
−
k −σ
+
k )T˜T (k,m, σ+m, σ
−
k )
+akame
(σ−k +σ
−
m−σ
+
k −σ
+
m)T˜T (k,m, σ−m, σ
−
k ),

¹
pw{
d = 0
	
(k −m)k 6= 0 	Łzo{â ¹ pw{ d 6= 0 	 k +m 6= 0 
1¼§km¼DÅ´zogjÅDÀ
	n
¹
p­gj¼§v
¹
n
¹
zo{â ¾¼§âŁpilÆE'Ł o )hgjpwz<âŁ¾
c0 = −1
2
a˜− 2a0eσ
−
0 T˜S(0, σ−0 )− D˜0
(
1− eσ−0 T˜T (0, 0, 0, σ−0 )
)
−
∞∑
m=0
D˜me
σ−mT˜
(
T (m, 0, σ−m, 0)− eσ
−
0 T˜T (m, 0, σ−m, σ
−
0 )
)
, d 6= 0,
c0 = − 12 a˜+ a0T˜
(
a˜2
3 +
V˜ 2
2 − V˜ a˜pin
)
− D˜0
(
1− a˜
2T˜
)
−
∞∑
m=0
D˜me
σ−mT˜
(
T (0,m, σ−m, 0) +
1
T˜
S(m,σ−m)
)
,

¹
pw{
d = 0
	
- 	
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ck = S(k, σ
+
k )− ake(σ
−
k −σ
+
k )T˜S(k, σ−k )
−D˜0
(
T (0, k, 0, σ+k )− e(σ
−
k −σ
+
k )T˜T (0, k, 0, σ−k )
)
−
∞∑
m=0
D˜me
σ−mT˜
(
T (m, k, σ−m, σ
+
k )− e(σ
−
k −σ
+
k )T˜T (m, k, σ−m, σ
−
k )
)
,
¼Dn
¹
k = 1, 2, . . .

Âgi<k '  l
) 	n
¹
p~ÄŁ{,{Łi{¾
αm
	
m ∈ N zogjp~i·nzo¼§{Łpwâ6
       

  "



" 
!
 
  ﬁ

 ﬃ "$

   ﬃ
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ﬀﬂ "$ﬁ
A
¹
p ¾ilÅ§Ä·nj¼Di<{
h(x, z)
ni~n
¹
p i áŁgi
ŁÅ§pqk ¼´¾£v<¼D½<pq{À' Ds
) ¢{ÒáŁgzlÃn¼´Ãp	)pkçÄ¾Án
zláŁáŁgji G¼§kÒznjp
h
À³zçnjgÄŁ{ãÃqznjpwâ³pHG·áŁgjpw¾j¾à¼§il{³ioÆ4n
¹
p~ÆÞi<gk
hN,l(x, z) =
D0
2
+
l∑
m=1
Dm cos(
mpix
L
)eλ
−
m(z+T )
{
β0(1 + a0
z
T )
β0(1− a0e−d(z+T ))
}
+
N∑
m=1
βm cos(
mpix
L
)
[
eλ
+
mz − ame(λ−m−λ+m)T eλ−mz
]
,
' Ł o )

¹
pwgpmn
¹
p¡¼§{3npqv<pqg¾
N
zo{â
l
zlgpÒázlgjzlkmpnpwgj¾­zl{â −T < z < g(x) 	 0 < x < L 
tpsÃqzlÅDÅn
¹
znÒ¼§{ Ãwzl¾p³ilÆ»n
¹
p
¹
ilkmilv<pq{ŁpwilÄ¾  pwÄŁkÒzo{Ł{ K>-'Ł ") 	
Dm = 0
ÆÞilg¡zlÅDÅ
m ∈ N  A ¹ pÒpHG·áŁgjpw¾j¾à¼§il{ ' Ł o )<¼¿n ¹ Dm 6= 0 Ãqilgjgps¾àá:il{ãâŁ¾«ni n ¹ p¡»¼§g¼´Ã ¹ Å§pnBK>-
'Ł 
)yzoáŁági G·¼§kmzonpsâ À
h(x, z)
∣∣
z=−T
= f˜l(x) ≡ D0
2
+
l∑
m=1
Dm cos(
mpix
L
).
' Ł  )
»ion¼´Ãp n
¹
zonh{Łionéi<{ŁÅ§Àn
¹
p»ÂŁi<ÄŁg¼§pqghÃqip¡Ã¼§pq{3nj¾
Dm
ioÆ
f
zlgp âŁpwÃgjpwz<¾à¼§{ŁvÆÞÄŁ{Ãn¼§il{¾hioÆ
m
	 ŁÄ·n»zlÅ§¾i
λ−m
	C'
λ−m < 0
) 	Łzl{â¡kmilgjpqi½<pqg
z + T ≥ 0 ¼§{' Ł o )PA ¹ Ä¾#	3¼§{ '  l
) 	 l
kÒzªÀ ãpnz"<pq{ÒgjpqÅ´zn¼§½lpwÅDÀ1¾àkÒzlÅDÅ;/A
¹
p ÆÞÄŁ{Ãn¼§il{
hN,l
z":i½lp ¾jznj¼§¾ ﬃpw¾£n
¹
p(KD- 'Ł ")>i<g
'Ł  ")H	ozl¾:)pwÅDÅ·z<¾6n
¹
pDKD- 'Ł )/A
¹
pypqgjgjilg×zon×n
¹
p)nilá1¾àÄgàÆ z<Ãp
z = g(x)
	
0 ≤ x ≤ L 	
ilÆ×n
¹
pâ·ilkÒzl¼D{
Ω
	ŁÃi<k1km¼Dnànjpwâ
¹
pq{ Ä¾¼§{Łv
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il{Łi½mnÁÀá:p­ioÆ×gjpqv<ÄŁÅ´zogj¼I7szn¼§il{äÄŁ{¾ÄŁ¼¿nz"ŁÅ§pl
Tn)kçÄ¾àn&:p kmpq{3n¼§il{Łpsâmn
¹
zné{ŁilnyzláŁáŁÅ§À3¼§{Łv ¾ilkmpnÁÀá:p»ioÆ gjpqv<ÄŁÅ§zlg¼ 7wzon¼§il{1¼§¾){Łiln)¾Ánzo{ N
âŁzlgjâ  ﬀ iypq½<pqg%	·¼¿Æ£vlii·â}gps¾àÄÅ¿n¾ zogjp­i·nzo¼§{ŁpwâC	Ł¼¿n«¼§¾«zlÃqÃqpqá·nz"ŁÅ§pl
$
áŁáÅDÀ¼§{ŁväzmgjpqvlÄ,N
Å´zogj¼I7szn¼§il{'zlâŁâŁ¾«pHGnjgjz¡npqgjkÒ¾«ni³n
¹
p1áãpw{zoÅDnÁÀ ÆÞÄŁ{Ãn¼§il{ ' -«§%) 	6¾pqpmzov3zo¼§{ D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â·pqnjzo¼§Å´¾q
$
Å§Å£¼§{3½<pqg¾àp1kmpn
¹
i·âŁ¾~vl¼§½lpw{'¼§{°n
¹
pÒ{Łp+G3n¾pwÃn¼§il{¾­Ãwzo{:p¡zlâzoá·njpwâ©Ãil{ã¾àp+N
3ÄŁpq{3njÅDÀ<
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;©páŁgps¾àpw{3n4n
¹
p â·¼I!:pwgpw{3nhk1pqn
¹
i·âŁ¾h¼D{Òzo{mz"ã¾Ánjgjz<Ãn>ÆÞgjzlkmp+yilg:L-)il{¾¼§âŁpqg4n
¹
p¼§{Ł¼Dn¼´zoÅ
½zoÅ§ÄŁp­áŁgjiŁÅ§pqkÒ¾yioÆ4n
¹
p~ÆÞilgjk
u˙(t) = A(q)u(t) + f(t), 0 < t < tF ,
' -« )
u(0) = 0.
' -« 
)
ﬀ pwgp
A(q)
¼§¾1z?:ilÄ{â·pwâÏÅD¼§{Łpszog i<áãpwgjzoni<g il{ zﬀ ¼§Å ãpwgànÒ¾àáãzlÃp
H
	hâ·pqá:pq{ãâ·¼D{v'i<{
ázlgjzlk1pqnpwgj¾
q
6n
¹
pm¼§{Ł{Łpqg~áŁgji·â·ÄÃni<{
H
¼´¾~â·pq{ionpsâ?À 〈·, ·〉H
zl{â
u˙(t)
¼§{â·¼´Ãqznjpw¾
â·¼I!:pwgpw{3n¼´zn¼§il{ ilÆ
u(t)
¼¿n
¹
gps¾àá:pwÃnni
t
P;©pzl¾j¾àÄŁkmpn
¹
zn
q
Å§¼Dps¾¼§{ zm¾pn QAD ioÆ
zlâŁk1¼´¾j¾à¼ ŁÅ§pÒázogzokmpnjpqg¾­Ãi<{<nzo¼§{Łpwâ©¼§{ z {Łilgjkmpwâ©ÅD¼§{Łpszogázlgjzlkmpnpwg¾àáãzlÃp Q A ¹ p
kÒzoá
q 7−→ A(q) ¼§¾y¾àÄáŁáãi3¾àpsâmniãp ¸ znjpwzlÄ GmâŁ¼J!@pqgjpq{3n¼´z"ÅDp«¼D{Òn ¹ pilá:pqgzni<gh{Łi<gk 	
zo{ãâän
¹
pâ·pwg¼§½zn¼§½lp¼´¾ â·pq{ionpsâQÀ dA
dq

¢{ vlpw{ŁpqgzoÅ@¼Dn ¼§¾z<¾¾ÄŁkmpwâän
¹
zonn
¹
p¾ilÅ§Ä·nj¼Di<{
u
:pqÅ§il{Łv3¾yni1n
¹
p¾Ánznp¾áz<Ãp
H = L2(0, tF ;H),

¹
¼´Ã
¹
¼§¾zﬀ ¼§Å ãpwgàn«¾áz<Ãp(¼¿n
¹
¼§{Ł{Łpwg áŁgji·â·ÄÃn
〈f, g〉H =
∫ tF
0
〈f, g〉H dt.
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. i<gpwi½lpwg#	 ypyz<¾¾ÄŁkmpyn
¹
ppHG·¼´¾Ánjpq{ÃqpioÆ zo{ i
¾pqgj½ªzon¼§il{1¾àáz<Ãp Z 	 ¹ ¼§Ã ¹ ¼´¾£z(ﬀ»¼DÅ :pqgn
¾ázlÃqp=¼¿n
¹
¼§{Ł{ŁpwgáŁgjiâŁÄÃn 〈·, ·〉Z 	zl{â³zl{®<¤qq¨ª¥o oØj±¥oTo
C : H → Z .
¸
¼§½lpw{Ïzo{Øi
¾pqgj½ªzon¼§il{
z
ioÆ
u
	>n
¹
p³vli<zlÅé¼´¾nji'â·pqnpwgkm¼§{Łp¡n
¹
p³áãzogzokmpnjpqg
q
8A
¹
p
z¾Ánjgjz<Ãn«ngzo{¾Å§zon¼§il{ ilÆ<' -«§%)H	 {Łpqv<ÅDpsÃnj¼D{Łv³n
¹
pmâŁpq½¼§zon¼§il{C	@¼´¾«n
¹
pw{6râŁpnpwgkm¼§{Łp
q ∈
QAD n ¹ zn km¼§{Ł¼§k1¼ 7qps¾yn ¹ p~ÆÞÄ{Ãnj¼Di<{zoÅ
J (q) := 1
2
‖Cu(q)− z‖2Z ,
' -« 9 )

¹
pwgp
u(q)
¼§¾yn
¹
p¾ài<ÅDÄŁn¼§il{}ioÆD' -« )
A
¹
p~v<gjz<â·¼Dpw{3nilÆ J â·p+ﬃ{ŁpwâÀ
[gradJ (q)]i :=
d
dh
J (q + hei)
∣∣∣
h=0
=
∂J (q)
∂qi
,
' -« 
)
¼´¾éilÆnpw{¡Ä¾pwâ1niçi·nzo¼§{
minq∈QAD J (q)
Pﬀ pwgp
	
ei
¼´¾hn
¹
p«¾ànjzl{âŁzogâ
i
n
¹
ÄŁ{¼¿n½lpsÃni<g
ilÆ Q £ÂŁilgÆÞÄgàn ¹ pqg Äã¾àp=yp~zlÅ§¾iÒâ·pHﬃã{Łp~n ¹ pﬀ»pw¾j¾à¼´zo{
[HessJ (q)]ij :=
∂2J (q)
∂qi∂qj
.
' -«  )
    "   "$

     ﬂ "  ﬁ$ﬂ  " 


ﬁ
A
¹
p»vli<zlÅ·ioÆ@n
¹
¼§¾)¾àpsÃn¼§il{m¼´¾£nji­áŁgi½¼´â·pn
¹
pniilÅ´¾>njizo{zlÅDÀ 7qp zl{âmÃi<k1áÄ·np km¼§{Ł¼§k1¼ 7HN
pwgj¾)ÆÞilgyn
¹
p­Ãi<¾ànyÆÞÄŁ{Ãnj¼Di<{zoÅ;L;'pÆÞi·ÃÄã¾il{äv<gjz<â·¼§pq{3n&z<¾àpsâ¡kmpn
¹
i·âŁ¾#	ŁzoÅ´¾àiç¼D{ÃqÅDÄãâ·¼D{v
n
¹
i<¾p zl¾pwâ i<{
¹
¼Dv
¹
pqg»ilgâ·pqg â·pwg¼§½znj¼D½<pw¾Å§¼I<p~n
¹
pﬀ pw¾j¾¼§zl{³n
¹
znÃqzo{ p+!:psÃnj¼D½<pqÅ§ÀQ:p
ps¾Ánj¼DkÒznjpwâB3À~n
¹
pvlgzlâ·¼§pq{3ns A
¹
pw¾pyk1pqn
¹
i·âŁ¾>zlgpén
¹
pkmi<¾àn>Ãqilkmkmil{i<{Łpw¾#	ŁÄ·n£iln
¹
pwg
kmpn
¹
i·âŁ¾#	ŁÅD¼ lp~v<pq{Łpqn¼´ÃzlÅDv<ilgj¼¿n
¹
kÒ¾+	p+G¼´¾ànw
-)i<{¾à¼´â·pwg~zäÆÞÄŁ{Ãn¼§il{zlÅ J : Rn → R  $ ¾¾ÄŁkmp1n ¹ gjilÄv ¹ i<Ä·n«n ¹ zn J ¼§¾~¾Ä'¡Ã¼§pq{3nÅ§À
¾kmi3iln
¹
	·¼; plŁ¼Dn
¹
zl¾â·pwg¼§½znj¼D½<pw¾ioÆ>¾àÄ ÒÃq¼Dpw{3nÅ§À
¹
¼§v
¹
ilgâ·pqgyniÒ¼§kmáŁÅ§pqkmpq{3nn
¹
ppw{½3¼´¾ N
zlvlpwâ³kmpn
¹
i·âŁ¾q
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;©pÃi<{¾à¼´â·pwg)n
¹
p~ÆÞilÅ§Å§i¼D{ŁvÒzlÅDv<ilgj¼¿n
¹
k 
6ÍwÉÉ3ÊéÉßqÍmÈ}É3ßsÚlÉÐ@ÍÒÔÕÉ3ÍwÖ4Ñ 
n := 1

p0 :=
¼§{Ł¼¿nj¼§zlÅ vlÄŁps¾¾ 
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ãpwvl¼§{ ¾ànpwpqá:pw¾àn»â·pw¾jÃpw{3n¼Dnpwgjzon¼§il{¾
gn := −gradJ (p0)
   {Łpqv3zn¼§½lpvlgzlâŁ¼Dpw{<n
zn := arg minz>0 J (p0 + zgn)
   Å§¼D{Łp¾pwzlgjÃ
¹
pn+1 := pn + zngn

n := n+ 1

pq{â ¾ànpqpwáãps¾Án»âŁpw¾jÃpq{3n¼Dnpqgznj¼Di<{¾
«{Łp«ioÆ6n
¹
p=lpqÀÒÃqilkmáãi<{Łpq{3n¾é¼´¾)n
¹
p~Å§¼D{Łp~¾pwzogÃ
¹

$
Ãqilkmkmil{yzªÀçni1¼DkmáŁÅ§pqkmpw{<n
¼Dnh¼§¾>nji­¾àÄŁááãi3¾àpyn
¹
zn£n
¹
pÆÞÄŁ{Ãnj¼Di<{zoÅ J ¼´¾ 3Äz<â·gjzon¼´Ã"	ozl{â1pw¾àn¼§kmzonpyn ¹ p¼D{Ł¼Dn¼´zoÅ½ªzlÅDÄp
ioÆ
z
¼§{ n
¹
p ÅD¼§{Łp ¾pwzlgjÃ
¹
 «á·n¼§km¼I7w¼D{Łvmn
¹
¼´¾»¾pwzogÃ
¹
¼´¾ gjpqÅ§pq½zl{<n ¾¼D{ãÃppszlÃ
¹
pq½zoÅ§Äznj¼Di<{
ioÆ J ¼§{½lilÅ§½lps¾1n ¹ p'ÃilkmáŁÄŁnjznj¼Di<{zoÅ§Å§ÀÏâ·¼ ÒÃqÄŁÅDnänjz<¾  ioÆ­¾ài<ÅD½¼§{ŁvØz â·¼§gpsÃn¡áŁgjiÅDpwk}
¢{Łp+G·z<ÃnÅ§¼D{Łp¾pwzlgjÃ
¹
zoÅ§vli<g¼Dn
¹
kÒ¾
¹
zª½<p(:pqpw{ â·pq½<pqÅ§ilá:pwâ  1pwp  9 
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A
¹
p¡¾ànpwpqá:pw¾àn vlgzlâ·¼§pq{3n­kmpn
¹
i·â®pHG
¹
¼ Ł¼¿n¾ ¾ÅDi Ãi<{3½<pqgjvlpw{Ãp1¼D{®n
¹
päÃwzl¾p1ilÆ¼DÅ§ÅJN
Ãi<{â·¼Dn¼§il{Łpsâ¾À¾ànpwkÒ¾+	¼; p< J ¹ zl¾×zo{ç¼DÅ§ÅJN¢Ãi<{â·¼Dn¼§il{Łpsâﬀ ps¾¾¼´zo{6 $ gzoáŁ¼´â·Å§À~Ãqil{½lpwgv<pq{3n
zoÅDnpwg{ãzn¼§½lp~¼´¾yn
¹
pw{}n
¹
pÃqil{ÁÄŁv3znjpv<gjz<â·¼§pq{3nykmpqn
¹
i·â 
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A
¹
péÃqil{ÁÄv<znjp>vlgzlâ·¼§pq{3n kmpn
¹
iâ­Ãqil{½lpwgv<pw¾ãÆ zl¾ànpwg n
¹
zo{n
¹
p)¾Ánjpqpqá:pw¾ànåâ·ps¾Ãqpq{3n6kmpn
¹
iâ6
¢{â·pwpwâ 	4¼DnáŁgi½¼´â·pw¾«n
¹
pÒkmpwzo{ã¾ni v<zl¼D{®zo{©iláŁn¼§kmzlÅé¾pwzogÃ
¹
âŁ¼DgjpwÃn¼§il{©áãi<¼D{3n¼§{Łv nji
n
¹
p km¼D{Ł¼§k Äk ioÆ:n
¹
pÆÞÄŁ{Ãnj¼Di<{zoÅ¼D{¾ànpszlâ1ioÆ:ni~n
¹
p ¾ànpqpwáãps¾ÁnéâŁpw¾jÃpq{3néâ·¼§gjpwÃnj¼Di<{6LA
¹
¼§¾
kmpn
¹
i·â ¼§¾»kÒzn
¹
pqkÒznj¼§ÃwzoÅ§ÅDÀzl¾pwâ i<{ n
¹
p i¾pqgj½zn¼§il{}n
¹
zn<ﬃ{â·¼§{ŁvÒn
¹
p km¼§{Ł¼DkçÄŁk
ioÆ ‖Gh − f‖ Ãi<ggjpw¾á:il{âŁ¾ ni ¾ài<ÅD½¼§{Łv¡n ¹ p1p3Äznj¼Di<{ Gh = f 	  ¹ pwgp G ¼´¾z n × n
{Łi<{¾à¼§{Łv<ÄŁÅ§zlg kÒznjg¼IG MA
¹
¼´¾ p3Äzon¼§il{ ¼´¾»gjpwz<â·¼§ÅDÀ}¾ài<ÅD½<pwâ À³p+G·áŁgps¾¾¼§{Łvmn
¹
pçáŁgjiŁÅ§pqk
¼§{³njpqgjkÒ¾ioÆ£z
GTG
N¢Ãil{"ÁÄŁv<zonp(zl¾¼§¾w
;©p{Łi â·pw¾jÃgj¼ ãp­n
¹
p ½<pqg¾à¼§il{}ioÆ£n
¹
p  Øk1pqn
¹
i·â ÆÞi<g á:i<¾¼¿nj¼D½<p 3Äzlâ·gznj¼§ÃÆÞÄ{Ã N
n¼§il{ãzoÅ´¾q
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;©p}km¼§{Ł¼§k1¼ 7qp J (p) = c + 〈b,p〉 + 1
2
〈Hp,p〉 	& ¹ pwgp H ¼§¾m¾À3kmkmpnjg¼´Ã"	)áãi3¾à¼Dn¼§½lp
â·p+ﬃ{Ł¼Dnpl
n := 1

p0 :=
¼D{¼¿nj¼§zlÅ6vlÄŁps¾¾ 
g0 := Hp0 + b
   ¼D{¼¿nj¼§zlÅ6vlgzlâ·¼§pq{3n
h0 := −g0
   ¼§{Ł¼¿nj¼§zlÅå¾pwzogÃ
¹
âŁ¼DgjpwÃn¼§il{
ãpwvl¼§{   ©¼Dnpwgjzon¼§il{¾
zn := arg minz>0 J (pn + zhn)
   Å§¼D{Łp¾pwzlgjÃ
¹
pn+1 := pn + znhn

gn+1 := Hpn+1 + b

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γn :=
〈Hhn,gn+1〉
〈hn,Hhn〉

hn+1 := −gn+1 + γnhn
  ¾ài1n
¹
zn 〈hn+1, Hhn〉 = 0
n := n+ 1

pq{â   ©¼Dnpwgjzon¼§il{¾
¢{©n
¹
päz":i½lpmzoÅ§vli<g¼Dn
¹
k ¼¿n ¼´¾­á:i<¾j¾à¼ ŁÅ§pmni gjpqáŁÅ´zlÃqp1n
¹
p¡Å§¼§{Łp¡¾àpszogÃ
¹
¼Dn
¹
z ÃwzoÅIN
ÃqÄŁÅ§zonpsâ*¾Ánjpqá z<¾àpsâ i<{ n
¹
p 3Äz<â·gzn¼´Ã}ÆÞilgjk  ﬀ»i)pw½lpwg#	)n
¹
¼´¾¡¼´¾Ò{Łiln¡n
¹
p°Ãqz<¾àp ¼§{
v<pq{ŁpwgjzlÅåáŁgjiŁÅ§pqkÒ¾w=¢{ Æ zlÃn#	@ÆÞi<g»n
¹
i<¾pçi<{Łp {pqpwâ¾zä{Łil{ÅD¼§{Łpwzlg   Ïkmpn
¹
i·â'¾ÄÃ
¹
z<¾
n
¹
pÂ4ÅDpqnjÃ
¹
pwg N¢tpqpw½lps¾yÃqil{ÁÄv<znjp~vlgzlâ·¼§pq{3nk1pqn
¹
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»p+ni<{CF ¾×zlÅDv<ilgj¼¿n
¹
k
¼´¾×il{Łp)ioÆ·n
¹
péilÅ´â·ps¾Án>zo{â :pw¾àn×kmpqn
¹
i·âŁ¾×ÆÞilg4¾ài<ÅD½¼§{Łv gjiionCﬃ{ãâ·¼D{v
áŁgjiÅDpwkm¾w/¢{Ò¼¿n¾h¾à¼§kmáŁÅ§pw¾ànhÆÞilgjkﬁ¼Dn)Ãqil{½lpwgv<pw¾4il{ŁÅ§À ¼DÆ@n
¹
p»¼D{Ł¼Dn¼´zoÅãvlÄŁps¾¾h¼§¾)¾àÄ'¡Ãq¼Dpw{<njÅDÀ
ÃqÅDi3¾àpniÒzm¾ilÅ§Ä·n¼§il{6
¢{ n
¹
p  p#ni<{çkmpn
¹
i·âBypÃil{ã¾à¼´â·pqg4n
¹
p <Äãzlâ·gznj¼§Ã)zoáŁáŁgji G·¼DkÒzon¼§il{­nji J (q+s) 	
Qn(s) = J (q) + 〈gradJ (q), s〉+ 12 〈HessJ (q)s, s〉.
' -« ")
TÆ«n
¹
p ﬀ ps¾¾¼§zl{Ï¼´¾1áãi3¾à¼Dn¼§½lp â·pHﬃã{Ł¼¿njp	én
¹
pw{
Qn(s)
¹
z<¾1z'ÄŁ{Ł¼ 3ÄŁp}k1¼§{Ł¼§km¼I7wpqg
¹
¼´Ã
¹
¾jznj¼§¾ ﬃpw¾
gradJ (q) + HessJ (q)s = 0. ' -« 
)
A4z"¼§{Łv
q + s
zl¾mz©{Łp+ps¾Ánj¼DkÒzonp}ÆÞilg1n
¹
p}km¼§{Ł¼§k1¼ 7qpwgÒioÆ J ¾ànjzlgànj¼D{Łv°ÆÞgi<k q 	Oyp
i
·njzl¼D{³n
¹
p »p+njil{ ¼¿njpqgznj¼Di<{
qn+1 = qn − [HessJ (q)]−1gradJ (q), n = 1, 2, . . . .
A
¹
p®zlâŁ½ªzl{3njzov<p ¼´¾än
¹
zn}n
¹
p'kmpn
¹
i·â ¼´¾³¾àngzo¼§v
¹
nÆÞilgyzlgjâ 	zl{â {Łi ÅD¼§{Łp®¾àpszogÃ
¹
¼´¾
{Łpwpwâ·psâ 
ﬀ»i)pw½lpqg%	on
¹
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